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Abstract
Additive models, as a natural generalization of linear regression, have played an
important role in studying nonlinear relationships. Despite of a rich literature and many
recent advances on the topic, the statistical inference problem in additive models is still
relatively poorly understood. Motivated by the inference for the exposure effect and
other applications, we tackle in this paper the statistical inference problem for f ′
1
(x0) in
additive models, where f1 denotes the univariate function of interest and f
′
1(x0) denotes
its first order derivative evaluated at a specific point x0. The main challenge for this
local inference problem is the understanding and control of the additional uncertainty
due to the need of estimating other components in the additive model as nuisance
functions. To address this, we propose a decorrelated local linear estimator, which is
particularly useful in reducing the effect of the nuisance function estimation error on
the estimation accuracy of f ′1(x0). We establish the asymptotic limiting distribution for
the proposed estimator and then construct confidence interval and hypothesis testing
procedures for f ′
1
(x0). The variance level of the proposed estimator is of the same
order as that of the local least squares in nonparametric regression, or equivalently the
additive model with one component, while the bias of the proposed estimator is jointly
determined by the statistical accuracies in estimating the nuisance functions and the
relationship between the variable of interest and the nuisance variables. The method
is developed for general additive models and is demonstrated in the high-dimensional
sparse setting.
Keywords: High dimension; Decorrelation; Double Estimation Accuracy; Derivative; Expo-
sure Effect; Extreme value location.
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1 Introduction
Additive models play an important role in modern data analysis [4, 20, 41], as a general-
ization of two popular statistical models, namely the multiple linear model and univariate
nonparametric model. A main advantage of the additive model is its relaxation of the
stringent linearity assumption imposed in the multiple linear model but at the same time
dramatically mitigates the curse of dimensionality in the more complex multiple nonpara-
metric regression. In the low-dimensional setting, additive models have been carefully
investigated from both the methodological and theoretical perspectives [4,20,21,25,27,41].
Recently, there has been a growing interest in additive models in high dimensions, which
generalizes high-dimensional linear regression. Much progress has been made to under-
stand the prediction performance of various proposals, including [23,26,30,31,37,38,42,43].
However, the statistical inference problem in the high-dimensional additive model is far less
understood from both methodological and theoretical perspectives.
Throughout the paper, we consider a general form of the additive model,
yi = f1(Xi1) + f2(Xi2) + ǫi, for 1 ≤ i ≤ n, (1)
where Xi1 ∈ R, Xi2 ∈ Rp, f1 : R→ R and f2 : Rp → R are unknown functions and ǫi is the
regression error with mean zero and variance σ21 . The observed data (yi,Xi1,X
⊺
i2), 1 ≤ i ≤ n,
are assumed to be i.i.d. Here, the variable Xi1 is singled out to represent a generic variable
of interest and Xi2 denotes the set of all other variables collected for the data analysis.
Typically, in scientific studies, the variable of interest is determined by the scientific goal,
for example, a given treatment, exposure to a certain dose level or an economic or climate
factor. We treat Xi2 as the collection of all other observed variables that are possibly
associated with the outcome variable. As a remark, Xi2 can be univariate, multivariate,
or high dimensional, and in the case that Xi2 is high dimensional, additional additive
conditions may also be imposed on the generic f2. We adopt the additive model in the
general form (1) to include both low- and high-dimensional Xi2. In terms of terminology,
we shall refer to Xi1 and f1 as the variable and function of interest, respectively, and to
Xi2 and f2 as nuisance variables and function.
The current paper is focused on the statistical inference problem for f ′1(x0), the deriva-
tive of the function of interest at a local point x0. In the following, we shall provide some
motivating examples for our study.
Effect to exposure. In observational studies, a major concern is the existence of un-
measured confounders, which are associated with both the variable of interest (exposure
variable) and the outcome. To address this, a commonly used method is to condition on
certain measured confounders so that the exposure variable is plausibly exogenous as in ran-
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domized trials. Since it is challenging to know which exact measured confounders should be
conditioned on to achieve this goal, a large number of measured confounders are conditioned
but only some of them are associated with the outcome [3]. Such a general idea has been
carefully investigated in the framework of linear regression, under the specific assumption
that the exposure has a linear effect on the outcome. However, nonlinear effects to expo-
sure have been commonly observed in scientific studies, including return to schooling [7],
climate on crop yields [33] and the climate change on the economic outcomes [12,13]. As a
relaxation of the linear effect of the exposure variable, the additive model (1) captures the
non-linear effects by treating the function of interest f1 as an unknown smooth function. In
such a general model, the effect of exposure Xi1 at a pre-specified level x0 can be captured
by the rate of change (f1(x0 + a)− f1(x0)) /a for a small a. With a approaching zero, the
effect of exposure can be captured by the first order derivative f ′1(x0). Instead of assuming
a constant effect, the exposure effect f ′1(·) depends on the value of the exposure variable
x0. Such a definition of treatment effect has been introduced in [2]. More generally, we
allow a non-linear relationship between the outcome and the nuisance variables.
Location of extreme values. Another important motivation for studying the first order
derivative is to locate the extreme value of the function of interest f1. The location of
maximum values have found many applications in different industries, including identifying
the extrema of profile expressions in genetic studies [29, 34] and searching for the range
of burden distribution indices of blast furnace to optimize the iron extraction from large
quantities of iron-bearing materials [8,9]. Under the model formulation in (1), we can check
whether x0 is a local extreme values of f1 via the hypothesis testing problemH0 : f
′
1(x0) = 0.
The testing procedure developed in this paper would be useful in locating the extreme value
of f1 in the presence of nuisance covariates Xi2.
Despite the usefulness of making statistical inference for f ′1(x0), there is a lack of meth-
ods and theoretical justification for the problem under the additive model (1), especially
when the nuisance variables Xi2 are of high-dimension. The following section will discuss
the challenges of this inference problem in additive models and also provide an overview of
the proposed method from both methodological and theoretical perspectives.
1.1 Results and Contributions
Inference for the function derivative has been carefully studied in the classical nonpara-
metric regression [15–17, 28, 45]. However, inference for the derivative of one component
f1 in the additive model is a more challenging problem due to the fact that we have to
estimate the unknown nuisance function f2 without a direct observation of the function of
interest f1. To illustrate this, we use f̂2 to denote a reasonably good estimator of f2 and
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then calculate the residual Ri = yi − f̂2(Xi2) for i = 1, 2, · · · , n. A natural idea is to use
this residual as a proxy outcome for f1(Xi1) and apply the classical method developed in
nonparametric regression to the pair of new observations (Xi1, Ri). However, such simple
plug-in methods are problematic as it directly inherits the error f̂2 − f2 of estimating f2.
As a remedy, we propose a decorrelated local linear (DLL) estimator to reduce the
bias inherited from estimating the nuisance function f2. In nonparametric regression where
f2 = 0, [15] has shown that the local linear estimator of the derivative can be expressed as
a ratio of two weighted sums, a weighted sum of the outcome over a weighted sum of the
covariate of interest with the same weights. See (2) for the exact form. To account for the
error of estimating the nuisance function f2, the DLL estimator uses certain weights which
are correlated with Xi1 ∈ R but not Xi2 ∈ Rp, at least approximately. These weights are
referred to as “decorrelated weights” to reflect the fact that they enjoy the “decorrelation
property”, that is, they are (nearly) uncorrelated with the difference between f̂2 and f2.
As a result, if we treat (Xi1, Ri) as the observed data, the decorrelated weights would be
particularly useful in reducing the bias inherited from estimating the nuisance function f2.
To provide theoretical justifications for the proposed method, we establish the rate of
convergence for estimating f ′1(x0) by decomposing the estimation error into three errors,
stochastic error, approximation error and nuisance error. The stochastic error is shown to
have an asymptotic normal limiting distribution after rescaling and approximation error and
nuisance error represent the random error of approximating the nonparametric by a linear
function at a local neighborhood and estimating the nuisance function, respectively. While
the stochastic error and approximation error are of the same order of magnitude as that
in the classical nonparametric regression setting [16], the nuisance error captures the addi-
tional difficulty induced by the presence of the nuisance function f2. The nuisance error is
determined by two factors, 1) statistical accuracy of estimating the conditional expectation
of certain functions of Xi1 given other nuisance variables Xi2; and 2) statistical accuracy of
estimating the nuisance function f2. In the ideal case where both the conditional expecta-
tion and the nuisance function are estimated with sufficient accuracy, the stochastic error
dominates the nuisance error and we can establish the asymptotic limiting distribution for
the proposed DLL estimator. Based on this asymptotic limiting distribution, we construct
confidence interval for f ′1(x0) and test for the hypothesis H0 : f
′
1(x0) = 0.
We observe two interesting phenomenons in our theoretical study. First, accurate es-
timation of the conditional distribution of the variable of interest Xi1 given the nuisance
variables Xi2 is crucial for statistical inference of the derivative of the single component
f ′1(x0) in our approach. In the most extreme case where the conditional distribution is
known, the proposed DLL estimator is asymptotically normal as long as we start with any
consistent estimator f̂2 of f2. Thus, the required property for the initial estimator f̂2 is
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significantly weakened due to the prior knowledge of this conditional distribution. More
generally, the more accurately we can estimate the conditional distribution of Xi1 given Xi2,
the less stringent the accuracy we require in the initial estimation of f2, and vice versa, and
the nuisance error of the DLL estimator converges to zero at a faster rate than either the
rate in estimating the conditional distribution or the rate in estimating f2. We shall refer
to this synergy of estimation accuracy as double estimation accuracy as it is closely related
to the double robustness [1, 32] in causal inference, cf. Section 4.
The second interesting phenomenon is about the sample size requirement for valid in-
ference in terms of model complexity parameters such as sparsity and smoothness level.
In the high-dimension setting, constructing the confidence interval/set typically requires
much stronger conditions than the corresponding estimation problem, due to the fact that
the confidence interval requires not only a good estimator as the center but also consistent
quantification of the uncertainty for this center. These additional conditions will be referred
to as uncertainty-quantification conditions as they are sufficient conditions only imposed for
conducting statistical inference beyond a point estimator. In the high-dimensional sparse
linear regression, the uncertainty-quantification condition for a single regression coefficient
βi has been imposed in [22,39,44] and this condition has shown to be necessary for adaptive
inference for a single regression coefficient in [5]. As a comparison, we consider a special
case of the general additive model (1), the high-dimensional sparse additive model. Sur-
prisingly, we observe that the uncertainty-quantification condition can be weakened even if
we are considering the more complex additive model. In contrast to the high-dimensional
linear regression, the nonlinearity structure imposed by the additive model increases both
the magnitudes of the stochastic error and the nuisance error. The striking phenomenon
of a weaker uncertainty-quantification condition in the additive model happens because of
a careful decorrelation step through parametric modeling of the relationship between the
variable of interest and the nuisance variables. More specifically, the proposed decorrelation
step leads to smaller increase in the nuisance error than the increase in the stochastic error
when the model becomes more complex.
In summary, the contribution of the current paper is two-folded:
1. We develop statistical inference for the derivative of a component of interest in the
general additive models by introducing a new decorrelation step to reduce the error
inherited from estimating the nuisance function. This decorrelation idea is of indepen-
dent interest in extending the classical nonparametric regression techniques to other
inference problems in the additive model.
2. We carry out a rigorous theoretical investigation of the proposed estimator and estab-
lish the rate of convergence for estimating the derivative of the component function of
interest. We have identified a set of sufficient conditions for establishing the asymp-
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totic limiting distribution. The theoretical analysis has revealed the phenomenon of
double estimation accuracy as a synergetic effect of the accuracies in the estimation
of the conditional distribution given the nuisance variable and the estimation of the
nuisance function.
1.2 Literature Review and Comparison
Inference for function derivative has been actively studied in the nonparametric modeling,
including local linear estimator [15], regression spline [45], kernel methods [17], empirical
likelihood based methods [28] and others cited therein. However, as we have discussed,
the presence of unknown nuisance function in the additive model poses great challenges to
statistical inference for the function derivative at a local point. There are also significant
recent progresses in studying the high-dimensional additive models [23, 26, 37, 38], but the
main focus there is the prediction accuracy instead of statistical inference.
There is a recent line of active research on statistical inference in high-dimensional linear
regression. Debiased estimators were developed in [44], [22] and [39] to study the inference
problem for a single regression coefficient βi. While the linear model can be viewed as a
special case of the additive model, where the regression coefficient β1 represents the function
derivative, that is, β1 = f
′
1(x0), the inference problem in the additive model is much more
challenging. Specifically, novel methodology is required to address the nonlinearity, and
both the rate of convergence and the sufficient conditions for confidence interval construc-
tion are quite different from those established in the high-dimensional linear regression.
Beyond the high-dimensional linear regression, [10] and [46] studied the inference proce-
dure to the partial linear model. However, the focus is still on the inference problem for
the linear component, instead of the nonparametric component addressed here.
Two of the most relevant works to the current paper are [24] and [18]. Specifically, [24]
considered the high-dimensional sparse additive model and constructed confidence bands for
one component of the additive model. The method proposed in [24] is to approximate the
nonparametric function by a set of basis functions and then apply the debiasing method for
the corresponding linear model of the basis functions. Regarding [18], a two-step procedure
was developed, where in the first step, a pre-smoothing estimator was obtained for each
component by applying the group-Lasso penalization together with debiasing technique
developed for high-dimensional regression; in the second step, the pre-smoothing estimator
is taken as the proxy outcome and standard univariate nonparametric technique was then
applied. These two related works in high-dimensional sparse additive models either focused
on different problems or proposed different methods for the related statistical inference
problem. Additionally, although the outcome model considered in the current paper and
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these two papers [18, 24] are closely related, there is a significant difference in terms of
modeling the relationship between the variable of interest and the nuisance variables. The
current paper is imposing a parametric relationship or known general relationship while
the relationship is modeled in nonparametric frameworks in [18, 24]. A careful ultilization
of the parametric model assumption leads to a significant relaxation of the sample size
condition required for confidence interval construction, which is much weaker than those
imposed in [18,24]; See Section 5.3 for details.
1.3 Paper Organization and Notations
In Section 2, we introduce the decorrelated local linear estimator; In Section 3, we establish
the theoretical guarantee of the proposed estimator; In Section 4, we present results in
the case where additional information is available about the conditional distribution of the
variable of interest given nuisance variables; In Section 5, we consider the high-dimensional
sparse additive model as a special case; In Section 6, we provide conclusion and discussion;
In Section 7, we provide the technical analysis to illustrate the effect of decorrelation.
Additional proofs are presented as supplementary materials.
Notations. For a sequence of random variables Xn indexed by n, we use Xn
p→ X
and Xn
d→ X to represent that Xn converges to X in probability and in distribution,
respectively. For a sequence of random variables Xn and numbers an, we defineXn = op(an)
if Xn/an converges to zero in probability and Xn = Op(an) if for every c > 0, there exists
a finite constant C such that P (|Xn/an| ≥ C) ≤ c. We use c and C to denote generic
positive constants that may vary from place to place. For two positive sequences an and
bn, an . bn means an ≤ Cbn for all n and an & bn if bn . an and an ≍ bn if an . bn and
bn . an, and an ≪ bn if lim supn→∞ anbn = 0 and an ≫ bn if bn ≪ an.
2 Inference in Additive Models
We review the local polynomial method in Section 2.1 and then we propose the Decorrelated
Local Linear (DLL) estimator for f ′1(x0) in Section 2.2. In Section 2.3, we construct a
confidence interval for f ′1(x0) using the DLL estimator as the center and also a solution to
the hypothesis testing problem related to identifying the extreme value of f1.
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2.1 Local Polynomial: A Review
In classical (univariate) nonparametric regression, the local polynomial estimator has been
developed for analyzing the data {(yi,Xi1)}1≤i≤n generated in the following model,
yi = f1(Xi1) + ǫi,
where f1 : R→ R is an unknown function belonging to a certain class of smooth functions.
The main idea can be seen by taking a Taylor expansion of f1(x) near x0,
f1(x) =
L∑
l=0
βlψl(x) + rL(x) for x0 − h ≤ x ≤ x0 + h,
where βl = f
(l)
1 (x0)/l!, ψl(x) = (x − x0)l, and rL(x) is the remainder term. We consider
the above expansion with L = 1 and assume that f ′′1 (x) is continuous at x0. Define the
kernel function k(x) = 1 (|x| ≤ 1) , which satisfies the following properties: ∫ k(x)dx = 2,∫
xk(x) = 0 and
∫
x2k(x)dx = 13 . Given a bandwidth h > 0, we define a rescaled kernel
function
Kh(x) =
1
h
k
(
x− x0
h
)
=
1/h if |x− x0| ≤ h0 otherwise
The local linear estimator of f ′1(x0) [11,14,15,35] is of the form∑n
i=1WiyiKh(Xi1)∑n
i=1Wi(Xi1 − x0)Kh(Xi1)
(2)
where Wi = (Xi1 − x0) −
∑n
i=1(Xi1−x0)Kh(Xi1)∑n
i=1Kh(Xi1)
. The main intuition here is that instead of
using the whole data {yi,Xi1}1≤i≤n, we select a subset of the data whose corresponding
Xi1 values are within a small neighborhood of x0. For this selected subset of data, the
relationship between yi and Xi1 can be viewed as an approximate linear regression due to
the Taylor expansion. As a result, the form of estimator in (2) can be achieved by applying
the standard linear regression argument, whereWi is computed as centered Xi1−x0 by the
weighted average with weights {Kh(Xi1)}1≤i≤n.
The bandwidth in the kernel function Kh(x) is useful in deciding the effective sample
size, which measures the number of the selected data points withXi1 falling into the interval
[x0 − h, x0 + h]. For the case that the marginal density function π for Xi,1 is continuous
near x0 and has a positive marginal density π(x0), the expected number of observations
falling into [x0 − h, x0 + h] is
E|{1 ≤ i ≤ n : x0 − h ≤ Xi,1 ≤ x0 + h}| = n ·
∫ x0+h
x0−h
π(x)dx ≈ 2nh · π(x0), (3)
where |A| of a set A denotes the set cardinality. That is to say, although we have a total
of n observations, only part of the data, with the size 2nh · π(x0), is effective in estimating
the first order derivative due to the non-linearity of the function.
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2.2 Decorrelated Local Linear Estimator
Although the local polynomial estimator has been proven to enjoy both methodological
and theoretical advantages in nonparametric regression, it is challenging to extend the local
linear estimator to the additive model in the presence of the nuisance function f2(Xi2). In
the following, we propose the DLL estimator to address the additional challenges through
a novel method of decorrelating the weights in (2).
The DLL estimator of f ′1(x0) is constructed in two steps. The first step is to obtain a
certain good initial estimator of the nuisance function f̂2. To highlight the main idea, we
assume in the current section that we have some reasonably good initial estimator f̂2 of f2,
and we will specify the exact requirements for such a good estimator in Section 3. These
requirements are compatible with a large class of initial estimators f̂2, which have been
proposed in the literature in both low- and high-dimensional additive models. In Section
5, we focus on the high-dimensional sparse additive model and show that certain existing
estimators in the literature are sufficient for our use in the high-dimensional setting.
The focus of the following discussion is on the second step, that is the construction of
an accurate estimator of f
′
1(x0) by utilizing the initial estimator f̂2 from the first step. We
compute the residual of outcome variable after adjusting for the estimator f̂2,
Ri = yi − f̂2(Xi2) = f1(Xi1)− (f̂2(Xi2)− f2(Xi2)) + ǫi. (4)
In contrast to the univariate regression, the above residual form has an additional term
f̂2(Xi2)−f2(Xi2), which is the error of the data-dependent estimator for f2. This additional
error term may bias a direct application of the local linear estimator to (Xi1, Ri) in the
sense that the additional error would be carried over in the estimation of the first order
derivative f ′1(x0) and this carried-over error may blow up the final estimation error of the
local linear estimator proposed in (2). This motivates us to develop new methods to take
this additional term into consideration. To motivate our propose estimator, we introduce
a generic estimator of f ′1(x0) in the following form,
1
n
∑n
i=1Di1RiKh(Xi1)
1
n
∑n
i=1Di1(Xi1 − x0)Kh(Xi1)
(5)
where the weights {Di1}1≤i≤n are to be specified. As a comparison to the local linear
estimator (2), we replace the outcome yi with the residual variable Ri and the weights Wi
with the generic weights Di1.
The next main step is to construct the weights Di1 such that the proposed estimator
enjoys similar properties as the local linear estimator defined in (2) while at the same time
reduces the error due to estimating the nuisance function f2 as much as possible. More
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explicitly, we decompose the estimation error of the estimator defined in (5) as follows,
1
n
∑n
i=1Di1RiKh(Xi1)
1
n
∑n
i=1Di1(Xi1 − x0)Kh(Xi1)
− f ′1(x0)
=
1
n
∑n
i=1Di1 [f1(x0) + r1(Xi1) + ǫi]Kh(Xi1)
1
n
∑n
i=1Di1(Xi1 − x0)Kh(Xi1)
+
1
n
∑n
i=1Di1(f̂2(Xi2)− f2(Xi2))Kh(Xi1)
1
n
∑n
i=1Di1(Xi1 − x0)Kh(Xi1)
.
Regarding the above decomposition, the first term on the righthand side is the same as the
error in the standard univariate local linear estimator while the second term is due to the
estimation error of all other nuisance functions expressed as f2. In the construction of Di1,
we need to achieve the following three goals simultaneously,
(i) Stochastic error: Construct Di1 such that compared with the classical local linear
estimator, the stochastic error
1
n
∑n
i=1Di1ǫiKh(Xi1)
1
n
∑n
i=1Di1(Xi1−x0)Kh(Xi1)
is not inflated.
(ii) Approximation error: ConstructDi1 such that the numerator of the approximation
error, 1n
∑n
i=1Di1[f1(x0)+r1(Xi1)]Kh(Xi1), is of a small order of magnitude than that
of the stochastic error.
(iii) Nuisance function error: Construct Di1 such that the numerator of the nuisance
error, 1n
∑n
i=1Di1(f̂2(Xi2) − f2(Xi2))Kh(Xi1), is also of a small order of magnitude
than that of the stochastic error.
Note that goal (ii) is to make sure that the linear approximation is accurate near the
neighborhood of x0 and goal (iii) is to make sure that the estimation error from f̂2 vanishes
at a sufficiently fast speed. Goals (i) and (ii) are satisfied for the standard local linear
estimator defined in (2) while goal (iii) is more challenging to achieve simultaneously.
Since goal (ii) is relatively easy to achieve as long as f1 is smooth and Di1 is empirically
centered, we first consider goals (i) and (iii). To this end, we focus on the generic form
Di1 = (Xi1 − x0)− e(Xi2)
where e(Xi2) is a function of Xi2. Regarding goal (iii), we construct Di1 such that
E (Dij∆(Xi2)Kh(Xi1)|Xi2) = 0, for any function ∆ : Rp → R. (6)
If ∆ is taken as f̂2 − f2 and (Xi1,X⊺i2, yi) is not used to construct f̂2, (6) implies
EDi1(f̂2(Xi2)− f2(Xi2))Kh(Xi1) = 0. (7)
We would refer this to as the decorreolation property of the weights Di1. With this property,
the empirical sum 1n
∑n
i=1Di1(f̂2(Xi2) − f2(Xi2))Kh(Xi1) would vanish at a fast rate due
to the standard concentration result. A sufficient condition to guarantee (6) is
E (Di1Kh(Xi1)|Xi2) = E ([Xi1 − x0 − e(Xi2)]Kh(Xi1)|Xi2) = 0.
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Through solving the above equation, we obtain the closed form of the function e(Xi2) as
e(Xi2) =
E ([Xi1 − x0]Kh(Xi1)|Xi2)
E (Kh(Xi1)|Xi2)
. (8)
Then we identify the following expression of the variable Di1,
Di1 = (Xi1 − x0)− E ([Xi1 − x0]Kh(Xi1)|Xi2)
E (Kh(Xi1)|Xi2)
. (9)
When the conditional distribution of Xi1 given Xi2 is known or can be well estimated, we
can compute the Di1 in (9) with these available information. More detailed discussion and
theoretical justification regarding this setting will be provided in Section 4.
A more challenging setting is that we need to estimate the unknown conditional dis-
tribution of Xi1 given Xi2 using the given data. To study this, we borrow the strength of
approximating this conditional distribution by utilizing certain model assumption for the
relationship between Xi1 and Xi2. Specifically, we expand the variable of interest Xi1 as a
sum of its population linear projection to the other covariates Xi2 and an error term,
Xi1 = X
⊺
i2γ + δi,
where γ = [E(Xi2X
⊺
i2)]
−1E(Xi2Xi1) and σ22 = Var(δi). We assume that the error δi is
independent of Xi2 and the normalized error δi/σ2 has the density function φ(t). We then
derive the following explicit expression for e(Xi2) in (8),
e(Xi2) = σ2
∫ µi+Li
µi−Li (t− µi)φ(t)dt∫ µi+Li
µi−Li φ(t)dt
:= l(Xi2, γ, σ2) (10)
where µi = (x0 −X⊺i2γ)/σ2 and Li = h/σ2.
By further assuming the error δi to follow a Gaussian distribution, we simplify l(Xi2, γ, σ2)
defined in (10) as
l(Xi2, γ, σ2) = σ2
∫ Li
−Li t(1− tµi − t2/2 + µ2i t2/2)dt+Op(h5(log n)3/2)∫ Li
−Li(1− tµi)dt+Op(h3 log n)
=
h2
3σ22
(X⊺i2γ − x0) +Op(h4(log n)3/2) (11)
In this expression, the Gaussian assumption of δi is used here to provide a simplified ex-
pression for the function l(Xi2, γ, σ2). Since the dominating part in this expression is linear
in γ and also X⊺i2γ−x0, we refer to the above expression as the linear approximation. This
is the main place that we make use of the Gaussian error assumption. As a remark, the
decorrelation method can be applied using the expression in (10) even without this Gaus-
sian error assumption; There is much room to relax the Gaussian error assumption as we
essentially only require a good approximation by a linear function in γ, as in (11).
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With some reasonably good estimator (γ̂, σ̂2) for the parameters (γ, σ2) , we estimate
l(Xi2, γ, σ2) by l(Xi2, γ̂, σ̂2) and then estimate Di1 by D˜i1 = (Xi1 − x0) − l(Xi2, γ̂, σ̂2).
For the case of Gaussian error or the linear approximation in (11) holds, we can estimate
l(Xi2, γ, σ2) by
h2
3σ̂2
2
(X⊺i2γ̂ − x0) and then estimate Di1 by
D˜i1 = (Xi1 − x0)− h
2
3σ̂22
(X⊺i2γ̂ − x0) . (12)
To achieve goal (ii) for controlling the approximation error, we propose an additional
“centering” step in construction of the decorrelated weights D̂i1,
D̂i1 = D˜i1 −
1
n
∑n
i=1 D˜i1Kh(Xi1)
1
n
∑n
i=1Kh(Xi1)
, (13)
so that the weights {D̂i1}1≤i≤n are empirically centered with respect to the kernel Kh(·).
Two remarks about the decorrelation step are in order. First, from a higher perspective,
we work on the inference problem in a semi-parametric framework. Specifically, the outcome
model is assumed to be in the general additive form while the relationship model between
Xi1 and Xi2 is treated with a parametric model to decouple the relationship between the
covariates. The corresponding parametric modeling assumption of the error δi is mainly
used to provide an approximation of the function e(Xi2) defined in (8) by a simple form,
for example, the linear approximation in (11) in the case of Gaussian error δi.
Second, when Xi2 is univariate or of low dimension, classical nonparametric density
estimator can be used to estimate the density of φ(·) and hence e(Xi2) or l(Xi2, γ, σ2) in
(10). However, if Xi2 is of high dimension, it is in general a challenging problem to esti-
mate the conditional expectation E ([Xi1 − x0]Kh(Xi1)|Xi2) and E (Kh(Xi1)|Xi2) without
additional modeling assumption between Xi1 and Xi2. Since we are interested in a general
theory for additive models, including both low- and high-dimensional Xi2, we introduce this
additional parametric model to provide a unified treatment. More interestingly, our analy-
sis reveals that a careful decorrelation procedure making use of the parametric assumption
on the conditional distribution of Xi1 given Xi2 would significantly weaken the sample size
requirement. See Section 5.3 for details.
2.3 Point and Interval Estimators
By combining the generic estimator defined in (5) and estimator D̂i1 defined in (13), we
propose our final estimator for f ′1(x0) as
f̂ ′1(x0) =
1
nŜn
n∑
i=1
D̂i1RiKh(Xi1) where Ŝn =
1
n
n∑
i=1
D̂i1(Xi1 − x0)Kh(Xi1). (14)
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As mentioned earlier, we refer to our estimator as Decorrelated Local Linear (DLL) esti-
mator. In Section 3, we will specify a set of required conditions for the initial estimators
f̂2, γ̂, σ̂2 and provide a careful theoretical analysis of this estimator.
The construction of confidence interval directly follows from the asymptotic limiting
distribution for the estimator f̂ ′1(x0) in (14) together with a consistent estimator of the
variance level. Denote by σ̂21 a consistent estimator of the variance of ǫi in the additive
model (1). We estimate the variance of the proposed DLL estimator f̂ ′1(x0) in (14) by
V̂ =
σ̂21
n2Ŝ2n
n∑
i=1
D̂2i1K
2
h(Xi1).
This leads to the following 1− α confidence interval for f ′1(x0),
CIx0 =
(
f̂ ′1(x0)− zα/2V̂, f̂ ′1(x0) + zα/2V̂
)
(15)
where zα/2 is the upper α/2 quantile of the standard normal distribution. We can also
conduct the hypothesis testing for H0 : f
′
1(x0) = 0 with the following testing procedure
ψx0 = 1
(
|f̂ ′1(x0)| ≥ zα/2V̂
)
. (16)
Theoretical justifications for the confidence interval in (15) and hypothesis testing procedure
in (16) are provided in the next section.
3 Theory for Additive Models
In this section, we present the theoretical justification for the statistical inference based
on the proposed f̂ ′(x0). In Section 3.1, we describe some regularity conditions and the
concept of double estimation accuracy as briefly mentioned earlier. After this, we present
several important intermediate results for studying the asymptotic limiting distribution of
the proposed estimator, including the estimation accuracy for the weights in Section 3.2
and the bias-variance tradeoff with the proposed estimator f̂ ′(x0) in Section 3.3. Most
interestingly, in Section 3.4, we carefully characterize how the decorrelated weights D̂i1
help reduce the estimation error inherited from estimating the nuisance function f2. These
technical results can be of independent interest for studying related inference problems in
additive models. In Section 3.5, we present detailed properties of the DLL estimator f̂ ′(x0)
and justify the validity of the related confidence interval and hypothesis testing procedures.
3.1 Conditions and Estimation Accuracy
We first introduce the conditions (A1) − (A2) for the statistical modeling,
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(A1) The additive model (1) holds with f ′′1 (x) being continuous at x0 and E|ǫi|2+τ ≤ C for
some constants τ > 0 and C > 0.
(A2) The bandwidth satisfies nhπ(x0) → ∞ and hCu → 0, where π(x0) denotes the
marginal probability density of Xi1 at x0 and
Cu =
1
σ2
(
x0 + h+ ‖γ‖2
√
log n
)
. (17)
Conditions (A1) requires the additive model structure along with a mild moment condition
on the error term. In addition, Conditions (A1) imposes the smoothness condition on the
function f1 such that the approximation error of f1 by a local linear estimator is negligible in
comparison to the stochastic error when the bandwidth h is of the order (nπ(x0))
1/5. Here,
we are not imposing specific smoothness and other conditions on the nuisance function f2
as the description of these specific conditions is deferred to Section 5 where such conditions
are used to provide error bounds for suitable estimators f̂2. As pointed out in (3), the
expected number of observations in the local neighborhood [x0−h, x0+h] of x0 is nhπ(x0).
Condition (A2) requires that there are (asymptotically) infinitely many observations in
the local neighborhood of x0 with bandwidth h. The condition hCu → 0 is mild since
h is usually set as n−c for some positive constant c > 0 and Cu is of the order
√
log n.
Both Conditions (A1) and (A2) are regularity conditions needed for analyzing the local
linear estimator in univariate nonparametric regression. Our results are established under
more general conditions for π(x0) than the standard nonparametric regression, where the
marginal density π(x0) is allowed to vanish to zero at certain rates. We shall also remark
that our theoretical results are explicit in terms of keeping the dependence on marginal
density π(x0) but do not sharpen this dependence on π(x0).
To facilitate the discussion, we introduce accuracy measures for estimating the weights
{Di1}1≤i≤n and the nuisance function f2 as follows. We define µ¯D as the weighted sample
average of Di1, µ¯D =
1
n
∑n
i=1Di1Kh(Xi1)
1
n
∑n
i=1 Kh(Xi1)
. We use Err(D̂) to denote the accuracy measure of
estimating Di1, defined as
Err(D̂) =
√√√√ 1
n
n∑
i=1
(
D̂i1 − (Di1 − µ¯D)
)2
Kh(Xi1). (18)
Specifically, Err(D̂) measures the average accuracy of D̂i1 with the corresponding kernel
weights Kh(Xi1). In addition to the estimation accuracy of D̂i1, we define Err(f̂2) as the
estimation error for the nuisance function as follows
P
(√
EX0,2(f̂2(X0,2)− f2(X0,2))2 > Err(f̂2)
)
≤ γ(n),
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where γ(n)→ 0 and X0,2 is an independent copy to the i.i.d. data {Xi,2}1≤i≤n used to pro-
duce f̂2. Note that EX0,2(f̂2(X0,2)− f2(X0,2))2 denotes the expectation taken with respect
to the independent copy X0,2; The outside probability is with respect to the randomness
of the estimator f̂2.
We will show in Section 3.5 that the estimation accuracies as measured by Err(f̂2) and
Err(D̂) jointly determine the theoretical performance of the proposed estimator.
3.2 Estimation Accuracy for Di1
In this section, we provide a careful study of estimating the weights {Di1}1≤i≤n. Since the
goal of the current paper is to estimate one component f1 instead of the summation f1+ f2
as in the literature, we need to decouple the variable of interest Xi1 with all other nuisance
variables Xi2. We impose the following model assumption for the relationship between Xi1
and Xi2.
(A3) In the decomposition
Xi1 = X
⊺
i2γ + δi with γ = [E(Xi2X
⊺
i2)]
−1E(Xi2Xi1) (19)
we assume that ‖γ‖0 ≤ k and the error δi follows a centered Gaussian distribution with
variance σ22 and independent of Xi2. Additionally, we assume Xi2 is a Sub-gaussian
random vector.
We shall provide some remarks here on this model assumption. First, the expression
in (19) is valid as along as E(Xi2X
⊺
i2) is invertible and E(Xi2Xi1) exists, where both are
mild conditions. The key assumptions in Condition (A3) are the parametric modeling of
the error δi and the sparsity of γ. The sparsity condition ‖γ‖0 ≤ k is only imposed in the
case where the dimension p is larger than the sample size n. In the case that Xi2 is of low
dimension, this assumption automatically holds with k = p.
The distributional part of Condition (A3) will be automatically satisfied if (Xi1,X
⊺
i2)
⊺
follows a multivariate Gaussian distribution. The essential part of Condition (A3) is to
introduce a specific parametric modeling assumption for the error δi. The Gaussianality
of the error δi is imposed as an example of the parametric modeling but can be easily
replaced with other specified parametric assumptions on δi. Even the parametric modeling
assumption can be further weakened as long as we can provide a good approximation to
l(Xi2, γ, σ2) as in (11).
We now state the specific accuracy requirements for estimating γ and σ2, which can be
achieved by applying the existing results for low- and high-dimensional linear regression.
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(A4) With probability larger than 1− n−c, the initial estimators (γ̂, σ̂2) satisfy
1
n
n∑
i=1
[X⊺i2(γ̂ − γ)]2Kh(Xi1) .
√
k log p
n
, |σ̂2 − σ2| . 1√
n
+
k log p
n
(20)
Under the modeling condition (A3), condition (A4) can usually be guaranteed under reg-
ularity conditions. In particular, (A4) holds in low-dimensional settings if γ̂ is the least
square estimator and σ̂2 is the variance estimator based on the residual of linear models;
and in high-dimensional settings (A4) holds with the scaled Lasso estimator γ̂, σ̂2. As a
side remark, the weighted prediction error 1n
∑n
i=1 [X
⊺
i2(γ̂ − γ)]2Kh(Xi1) is typically not
controlled for the penalized estimator unless we assume independence between the initial
estimator γ̂ and the covariates Xi2. In Section 3.4, a data swap technique is used to verify
that the constructed initial estimators satisfy condition (A4).
The following lemma shows that the estimation accuracy for the estimation of Di1 is
mainly determined by those for γ and σ2, as indicated in the condition (A4).
Lemma 1 Suppose that conditions (A3) and (A4) hold and h‖γ‖2
√
log n → 0. Then the
estimation error Err(D̂) defined in (18) satisfies
P
(
Err(D̂) . h2
√
k log p/n + h4(
√
log n)3
)
≥ 1− n−c.
for some positive constants C, c > 0.
There are two terms in the estimation accuracy of D̂, where h2
√
k log p/n comes out of
estimating the regression vector γ by γ̂ and the other term h4(
√
log n)3 results from ap-
proximating l(Xi2, γ, σ2) by the linear component
h2
3σ2
2
(X⊺i2γ − x0) , as in (12). Though this
lemma only considers the case where the linear approximation in (11) holds, we can also
establish a similar result for Err(D̂) under a more general parametric modeling assumption
on Xi1 | Xi2, where l(Xi2, γ̂, σ̂2) is used to estimate l(Xi2, γ, σ2)
3.3 Error decomposition
Since
∑n
i=1 D̂i1Kh(Xi1) = 0, the estimation error of f̂
′(x0) can be decomposed as follows,
f̂ ′(x0)− f ′(x0) = 1
nŜn
n∑
i=1
D̂i1 (ǫi + r(Xi1) + ∆(Xi2))Kh(Xi1)
where r(Xi1) = f1(Xi1) − f1(x0) − f ′1(x0)(Xi1 − x0) and ∆(Xi2) = f2(Xi2) − f̂2(Xi2)
and Ŝn = n
−1∑n
i=1 D̂i1(Xi1 − x0)Kh(Xi1) is as in (14). More explicitly, we decompose
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f̂ ′(x0)− f ′1(x0) as
1
nŜn
n∑
i=1
D̂i1ǫiKh(Xi1)︸ ︷︷ ︸
Stochastic Error
+
1
nŜn
n∑
i=1
D̂i1r(Xi1)Kh(Xi1)︸ ︷︷ ︸
Approximation Error
+
1
nŜn
n∑
i=1
D̂i1∆(Xi2)Kh(Xi1)︸ ︷︷ ︸
Nuisance Error
(21)
As this decomposition indicates, there exist three sources of estimation errors for the pro-
posed estimator, denoted as “Stochastic Error”, “Approximation Error” and “Nuisance
Error”. Here, “Stochastic Error” represents a random component with mean zero and, af-
ter rescaling, following an asymptotic normal limiting distribution as long as the Lindeberg
condition can be verified; “Approximation Error” represents the impact of approximating
the non-linear function f1 by a linear function at a local neighborhood of x0; “Nuisance
Error” represents the error due to estimating the nuisance function by f̂2. The first two
components in the decomposition (21), the stochastic and approximation errors, also appear
in classical nonparametric regression.
The following lemma establishes the limiting distribution for the stochastic error and
establishes the rate of convergence for the approximation error. The rate of convergence
for the nuisance error is deferred to the next subsection.
Lemma 2 Suppose that conditions (A1)−(A4) hold, then the approximation error satisfies
1
nŜn
n∑
i=1
D̂i1
[
r(Xi1)− (Xi1 − x0)
2
2
f ′′(x0)
]
Kh(Xi1) = op
(
Err(D̂)√
π(x0)
+ h
)
(22)
and
1
nŜn
n∑
i=1
D̂i1
(Xi1 − x0)2
2
f ′′(x0)Kh(Xi1) = Op
(
Err(D̂)√
π(x0)
+ cnh
)
(23)
with cn = hCu + (nhπ(x0))
−1/4 → 0. Additionally, if Err(D̂)≪ h
√
π(x0) and γ̂ satisfies
P
(
max
1≤i≤n
|X⊺i2(γ̂ − γ)| &
√
k log p log n/n
)
→ 0, (24)
then we have
1√
V
∑n
i=1 D̂i1ǫiKh(Xi1)
nŜn
d→ N(0, 1) (25)
where V =
σ21
n2Ŝ2n
∑n
i=1 D̂i1K
2
h(Xi1)
p→ 3
2nh3·π(x0)σ
2
1.
A combination of (22) and (23) establishes the order of magnitude of the approximation
error 1
nŜn
∑n
i=1 D̂i1r(Xi1)Kh(Xi1) as Op
(
Err(D̂)√
π(x0)
)
+op(h). One sufficient condition for confi-
dence intervals construction is that the stochastic error dominates the approximation error,
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which is reduced to the following conditions,
h√
V
= Op(1) and
Err(D̂)√
π(x0)
√
V
= op(1) (26)
By choosing the bandwidth as h ≍ (nπ(x0))−
1
5 , we have h/
√
V = Op(1). Combined with
Lemma 1, we can show that (26) holds with high probability and hence the approximation
error is negligible in comparison to the stochastic error.
3.4 Analysis of Nuisance Error
In this section, we control the error of estimating the nuisance function f2. This is the exact
place where the decorrelation weights play a crucial role. The main step in controlling the
nuisance error is to provide a sharp bound for the following quantity,
1
n
n∑
i=1
D̂i1∆(Xi2)Kh(Xi1) where ∆(Xi2) = f2(Xi2)− f̂2(Xi2).
As discussed in Section 2.2, especially (7), we construct Di1 satisfying the decorrelation
property. We show that the same goal will be achieved if the weights Di1 are estimated by
D̂i1. This decorrelation property is essential in reducing the estimation error related to the
nuisance function.
To rigorously control 1n
∑n
i=1 D̂i1∆(Xi2)Kh(Xi1), we introduce a specific version of the
initial estimators (f̂2, γ̂) for technical reasons. Recall the places to use the initial estimators
f̂2 and γ̂, where f̂2 is used in calculating the residual Ri = yi− f̂2(Xi2) defined in (12) and
γ̂ is used in construction of weights D˜i1 = (Xi1 − x0) − h23σ̂2
2
(X⊺i2γ̂ − x0) in (12). As noted
in the expression Di1∆(Xi2)Kh(Xi1) = Di1(f2(Xi1) − f̂2(Xi2))Kh(Xi1), if f̂2 is estimated
based on Xi2, then the decorrelation property cannot be directly applied due to the complex
dependence structure between f̂2 and Xi2. To avoid this technical difficulty, we construct
initial estimators (f̂2, γ̂) such that they are independent of the corresponding Xi2.
In the case where historical data is available, we can simply estimating (f̂2, γ̂) using the
historical data and apply these constructed estimators to the current data. This ensures
that the independence assumption is satisfied for the technical analysis. If no historical
data is available, we can actually use the “data swapping” idea detailed in the following to
create the independence required for the proof but does not lead to loss of efficiency.
We split the data into two random disjoint subsets with approximately equal sample
size, Ia and Ib with Ia ∩ Ib empty and Ia ∪ Ib = {1, 2, · · · , n}. As illustrated in Figure 1,
we use data in Ia to produce the initial estimator f̂a2 , γ̂a and use data in Ib to produce the
initial estimator f̂ b2 , γ̂
b. After obtaining these two initial estimators, we swap the data and
the initial estimators as illustrated by the bolded arrow in Figure 1.
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(Xi·, yi) for 1 ≤ i ≤ n
(Xi·, yi) for i ∈ Ia
(Xi·, yi) for i ∈ Ib
f̂a2 , γ̂
a
f̂ b2 , γ̂
b
Figure 1: Illustration of Data-Swapping Estimators.
Specifically, this data swapping idea is characterized in the following definitions of
f̂2(Xi2) and D˜i1,
f̂2(Xi2) =
f̂ b2(Xi2) for i ∈ Iaf̂a2 (Xi2) for i ∈ Ib D˜i1 =
(Xi1 − x0)−
h2
3σ̂2
2
(
X⊺i2γ̂
b − x0
)
for i ∈ Ia
(Xi1 − x0)− h23σ̂2
2
(X⊺i2γ̂
a − x0) for i ∈ Ib
(27)
Note that σ̂2 can be constructed based on the whole data as the corresponding depen-
dence won’t cause troubles for the technical analysis. The name “swap” is coming from the
fact that the initial estimators applied in the decorrelation step to the data with indexes
in Ia is constructed based on the other part of the data with indexes in Ib. After applying
the data swapping technique, for the i-th observation, the corresponding estimator (f̂2, γ̂)
is independent of the corresponding observation Xi2 although (f̂2, γ̂) depends on the other
half of data excluding Xi2. We can slightly modify the definition of Err(f̂2) as follows
P
(
max
{√
EX0,2(f̂
a
2
(X0,2)− f2(X0,2))2,
√
EX0,2(f̂
b
2
(X0,2)− f2(X0,2))2
}
> Err(f̂2)
)
≤ γ(n),
(28)
where γ(n)→ 0. In particular, the following theorem characterizes exactly how much the
estimation error can be reduced after applying the decorrelation step.
Theorem 1 Suppose that conditions (A2) − (A4) hold. For ∆(Xi2) = f2(Xi2) − f̂2(Xi2)
where f̂2 is defined in (27), then with probability larger than 1− γ(n)− 1t − 1nc ,∣∣∣∣∣ 1n
n∑
i=1
Di1∆(Xi2)Kh(Xi1)
∣∣∣∣∣ ≤ Ct√h/n · Err(f̂2), (29)
where Err(f̂2) is defined in (28). In addition, we can further establish that, with probability
larger than 1− γ(n)− (nhπ(x0))− 14 − 1t − 1nc ,
1
nŜn
n∑
i=1
D̂i1∆(Xi2)Kh(Xi1) ≤ t
(√
1
nh3π2(x0)
+
Err(D̂)
h2π(x0)
)
Err(f̂2). (30)
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In the above theorem, the error reduction by decorrelation is achieved in the error bound
(29), where decorrelation property in (7) is used to guarantee a fast convergence rate for the
sum 1n
∑n
i=1Di1∆(Xi2)Kh(Xi1). Then (30) follows from the concentration result in (29),
together with the estimation accuracy of Di1 in Lemma 1 and the order of magnitude of Ŝn.
The above theorem characterizes the effect of decorrelation and is of independent interest
to study other inference problems in the additive modeling.
As a remark, we believe that the independence structure required in the proof of The-
orem 1 is only a technical condition and a more refined analysis is likely to remove this
technical condition. To focus on the main point, we are not pursuing further here and us-
ing data swapping idea to guarantee the independence structure and retain the statistical
efficiency.
3.5 Properties of Proposed Estimators
Finally, we establish the asymptotic limiting distribution for the proposed estimator f̂ ′(x0)
in the following theorem by applying the results obtained in the previous subsections.
Theorem 2 Suppose that conditions (A1)-(A4) hold, nh5π(x0) ≤ c for some positive con-
stant c > 0 and the final estimator in (14) is constructed using f̂2(Xi2) and D˜i1 defined in
(27). If γ̂ satisfies (24) and Err(D̂) defined in (18) and Err(f̂2) defined in (28) satisfy
Err(D̂)
h2
Err(f̂2)
π(x0)
= op
(
1√
nh3 · π(x0)
)
and max
{
Err(f̂2),Err(D̂)/
√
V
}
≪
√
π(x0), (31)
then the following asymptotic limiting distribution holds,
1√
V
(
f̂ ′(x0)− f ′(x0)
)
d→ N (0, 1) with V = σ
2
1
n2Ŝ2n
n∑
i=1
D̂2i1K
2
h(Xi1), (32)
where Ŝn is defined as (14).
The above theorem provides the theoretical guarantee of the proposed estimator through
establishing the limiting distribution as in (32). We have a few remarks regarding this lim-
iting distribution result. First, the asymptotic variance depends on the value x0 implicitly
since all three terms D̂i1, Kh(Xi1) and Ŝn depend on the value of x0. Second, beyond
the conditions that we have already discussed, the additional condition (31) is the double
estimation accuracy condition, which is imposed on the estimation accuracy of the weights
D and the nuisance function f2. The condition (31), involved with double estimation accu-
racy, comes from the fact that, to construct valid confidence intervals, the nuisance function
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error established in Theorem 1 has to be smaller than the standard deviation level
√
V .
In Section 5, we show that (31) is reduced to a condition for the sample size and model
complexity.
We will present several additional important propositions and corollaries that we can
obtain from Theorem 2. The following proposition establishes the estimation rate of the
proposed estimator f̂ ′(x0).
Theorem 3 Suppose that conditions (A1)-(A4) hold, then with probability larger than 1−
γ(n)− (nhπ(x0))− 14 − 1t − 1nc , the proposed estimator in (14) satisfies∣∣∣f̂ ′(x0)− f ′(x0)∣∣∣ . t√
nh3 · π(x0)
+ c∗h+
Err(D̂)√
π(x0)
+ t
(√
1
nh3π2(x0)
+
Err(D̂)
h2π(x0)
)
Err(f̂2)
where c∗ = o(1).
The above proposition establishes the rate of convergence for the proposed estimator f̂ ′(x0).
In contrast to Theorem 2, the condition of establishing the rate of convergence is much
weaker by removing the condition (31) and the condition on the bandwidth nh5π(x0) ≤ c.
The main intuition is that the estimation accuracy in Theorem 3 is a summation of the
stochastic error, the approximation error and the nuisance error while the limiting distribu-
tion can be established only when the stochastic error dominates both the approximation
error and the nuisance error.
With the estimation accuracy Err(D̂) obtained in Lemma 1, Theorem 3 can be sim-
plified as a condition for the estimation error of f̂2. The following corollary of Theorem 2
establishes such a result and presents a more explicit condition on Err(f̂2).
Corollary 1 Assume conditions (A1)-(A4) hold, h ≍ (nπ(x0))−
1
5 , and π(x0) ≫ n− 27 .
Suppose that γ̂ satisfies (24) and Err(f̂2) defined in (28) satisfies the following condition,
Err(f̂2) = o
(√
π(x0)min
{√
1
h3k log p
, 1
})
(33)
then the limiting distribution in (32) holds.
As a consequence of Corollary 1, we can establish both the coverage and the precision
properties of the constructed confidence interval CIx0 defined in (15), where L (CIx0) denotes
the length of the proposed confidence interval.
Corollary 2 Suppose that the same conditions as in Corollary 1 hold and σ̂21 is a consistent
estimator of σ21, then the constructed confidence interval CIx0 defined in (15) satisfies the
following properties,
lim inf
n→∞ P(f
′(x0) ∈ CIx0) ≥ 1− α
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and
lim sup
n→∞
P
(
L (CIx0) ≥ (2 + δ0)zα/2
√
3
2nh3 · π(x0)σ1
)
= 0
for any positive constant δ0 > 0.
The above corollary justifies the validity of the proposed confidence interval defined in (15)
and also controls the length of the proposed confidence interval. Similarly, we can establish
the validity of the proposed testing procedure ψx0 in (16).
Corollary 3 Under the same condition as in Corollary 2, then for any f1 and x0 such that
f ′1(x0) = 0, the proposed testing procedure ψx0 defined in (16) controls the type I error,
lim sup
n→∞
P(ψx0 = 1) ≤ α.
4 Inference with Additional Information of Xi1 | Xi2
In this section, we present the results on inference for f ′1(x0) with additional informa-
tion of the conditional distribution Xi1 | Xi2. The relationship between Xi1 and Xi2
can be known in certain machine learning applications, including compressed sensing,
as the covariates are generated by the users. In addition, a more interesting interme-
diate regime appears in the semi-supervised setting [6, 40], where we have the super-
vised data (Xi1,X
⊺
i2, yi)
⊺}1≤i≤n and also have access to a large number of unsupervised
observations {(Xi1,X⊺i2)⊺}n+1≤i≤n+N . Here, the additional sample size N can be much
larger than the sample size n, even the dimension p. In such a scenario, we can utilize
this large set of unlabelled data {(Xi1,X⊺i2)⊺}n+1≤i≤n+N to provide an accurate estima-
tion of the conditional distribution of Xi1 | Xi2 and also the conditional expectations
E ([Xi1 − x0]Kh(Xi1)|Xi2) and E (Kh(Xi1)|Xi2) used in (8). Procedurewise, we modify D˜i1
defined in (12) as D˜i1 = (Xi1−x0)− e(Xi2), with e(Xi2) defined in (8) and the other parts
of the proposed estimator keep unchanged as in (14).
The following theorem establishes the rate of convergence and also the limiting distri-
bution for the case of known conditional distribution Xi1 | Xi2.
Theorem 4 Assume the conditions (A1)-(A2) hold and the conditional distribution Xi1 |
Xi2 is known, then with probability larger than 1− (nhπ(x0))− 14 − 1t − 1nc ,∣∣∣f̂ ′(x0)− f ′(x0)∣∣∣ . t√
nh3 · π(x0)
(
1 +
√
Err2(f̂2)/π(x0)
)
+ c∗h.
where c∗ = o(1). In addition, if nh5π(x0) ≤ c for some positive constant c > 0 and
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Err(f̂2)≪
√
π(x0), then
1√
V
(
f̂ ′(x0)− f ′(x0)
)
d→ N (0, 1) where V = σ
2
1
n2Ŝ2n
n∑
i=1
D̂2i1K
2
h(Xi1).
The knowledge of the conditional distribution Xi1 | Xi2 has a significant effect on both
point estimation and statistical inference for f ′1(x0). In particular, in contrast to Theorem
3, the rate of convergence of estimating f ′(x0) is much faster as the terms involved with
the estimation error Err(D̂) disappear; in contrast to Theorem 2, the limiting distribution
holds under much weaker accuracy requirement on the initial estimator f̂2; as observed
in Section 5, these weaker conditions on initial estimators will lead to weaker sample size
conditions.
We shall also highlight the double estimation accuracy phenomenon here using the above
theorem. The interesting observation here is the statistical inference results are almost the
same if either the nuisance function f2 is known or Di1 is known a priori, where the later is
true if the conditional distribution Xi1 | Xi2 is known a priori. That is, even if we do not
know the nuisance function f2 but known the relationship between Xi1 and Xi2 accurately
enough, we can achieve the same statistical accuracy by utilizing the information of the
relationship between Xi1 and Xi2, as if the nuisance function f2 is known.
5 Inference in High-dimensional Sparse Additive Model
We consider high-dimensional sparse additive model to demonstrate the inference results
developed for the general additive model (1). We assume that the nuisance function itself
is of an additive structure and with slight abuse of notation, we rewrite the model (1) as
yi = f1(Xi1) +
p∑
j=2
fj(Xij) + ǫi, for 1 ≤ i ≤ n. (34)
Here, the nuisance function is an additive form of p−1 univariate nonparametric functions,
where each fj is a univariate function of Xij . To apply the inference method developed in
previous subsections, we need to construct initial estimators f̂2 satisfying (33) and (γ̂, σ̂2)
satisfying Condition (A4) and (24). We particularly take the doubly penalized estimation
approach developed in [38] and apply the prediction accuracy result in [38], together with
results established in [19], to establish the nuisance function estimation error Err(
∑p
j=2 f̂j).
Additionally, the proposed DLL estimator is also compatible with the estimators proposed
in [23,26,30,31,37].
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We detail the exact technical assumptions for the sparse additive model in Section 5.1
and present the initial estimator construction in Section 5.2. In Section 5.3, we present
the inference results for f ′1(x0) in high-dimensional sparse additive model and also discuss
uncertainty-quantification conditions.
5.1 Statistical Modeling
The estimation methods in additive models are mainly developed for variables of compact
supports, say [0, 1]. To apply the existing methods directly, we need to define a transfor-
mation Gj from Xij ∈ R to the compact set [0, 1]. Specifically, Zij = Gj(Xij) ∈ [0, 1]
denotes the transformed variable, where Gj : (−∞,+∞) → [0, 1] is to be specified later.
To directly apply the theoretical results in [38], we impose the following model assumption
for the high-dimensional additive model in (34).
(E1) The additive model (34) can be expressed as
yi =
p∑
j=1
gj(Zij) + ǫi, for 1 ≤ i ≤ n, (35)
where ǫi is sub-Gaussian random variable, gj belongs to a Sobolev space Wmjr on
[0, 1] with the corresponding norm ‖gj‖F,j = (
∫ 1
0 |g
(mj )
j |r)
1
r and the marginal density
qj of Zij = Gj(Xij) is uniformly bounded way from zero for 1 ≤ j ≤ p. We use S to
denote the support set S = {j : ∫ f2j (t)dt > 0} and define MF =∑pj=1 ‖gj‖F,j.
The condition (E1) imposes three types of modeling conditions, sub-gaussian tail for the
error, the model complexity condition, including both smoothness and sparsity conditions,
and the lower bound on the marginal density of the transformed variables. We shall supply
detailed discussions on these conditions and also give examples of transformation Gij sat-
isfying the above condition. Since the smoothness condition is imposed on the functions of
the transformed variable Zij, we can view this as assuming fj to be a composite function
of fj = gj ◦Gj , where gj satisfies certain smoothness conditions and Gj is the pre-specified
transformation. Here, the cardinality of the signal set, |S|, and a measure of total smooth-
ness, MF , are allowed to depend on (n, p), where |S| and MF capture the sparsity and the
smoothness of the additive model, respectively. For the case that ‖gj‖F,j ≤ C, then the
smoothness parameter can be upper bounded by the sparsity level, that is, MF ≤ Cs.
In addition, (E1) assumes that the marginal density of the transformed variable Zij is
lower bounded by a small positive constant. We will present examples of transformations
such that this lower bound for marginal density condition holds. We use Fj(·) to denote
the cumulative density function of Xij and qj to denote the marginal density of Zij over
the support [0,1].
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Example 1: Copula Model. The additive model (35) on the transformed random variables
can be viewed from the perspective of copula model. The transformation Gj is set as
the corresponding marginal CDF Fj of Xij and then Zij = Gj(Xij) follows uniform dis-
tribution on [0, 1]. Hence, the lower bound condition on the marginal density holds with
mint∈[0,1] qj(t) = 1 for all 1 ≤ j ≤ p. For the case that the marginal CDF Fj is known,
the model (35) is exactly reduced to an additive copula model. For the case that Fj is un-
known, we can estimate the CDF Fj by the empirical CDF as F̂j(x) =
1
n
∑n
i=1 1(Xij ≤ x)
and define Ẑij = F̂j(Xij). In this case, the transformed variable Zij is not directly observed
but its empirical estimator Ẑij is observed and can be shown by standard concentration
results that the observed Ẑij is closed to Zij. If Fj belongs to certain parametric families,
we can also estimate the transformed variable Zij through estimating the corresponding
parameters of Fj .
Example 2: Heavier Tail Transformation. Instead of using the quantile transformation
in copula model, we also show that a heavier tail transformation Gj is sufficient for our
use. Specifically, we consider the case that Xij is of mean zero and variance Σjj and has
a marginal sub-gaussian tail. We define the following transformation Gj(x) = Φ (T (x)) ,
where Φ is the CDF of the standard normal distribution and T (x) satisfies the following
condition with a positive constant C > 0,
T 2(x) ≥ C x
2
Σjj
for large value of |x|. (36)
Two specific examples of T (x) include 1) T (x) = x · log log n; and 2) T (x) = sign(x) · |x|c
for any c > 1. Since the property of the transformation Gj(·) only matters for large values
of |x|, we further generalize the above heavier tail transformation and define Gj(x) =
(1 − c0)G0(x) + c0Φ (T (x)) , where 0 < c0 ≤ 1, G0 : (−∞,∞) → [0, 1], G′0(x) = 0 for
|x| ≥ C and T (x) satisfies the condition (36). Hence, we have the flexibility of adding a
fraction of function G0 as long as G0 has the range [0, 1] and has a vanishing derivative out
of a bounded support. See more discussion in Section B in the supplementary materials.
In addition to the condition (E1), the other condition needed for controlling Err(
∑p
j=2 f̂j)
is on the theoretical restricted eigenvalue or compatibility condition, which intuitively guar-
antees the “invertibility” of the additive modeling. Here we introduce one version of the
theoretical restricted eigenvalue, which was used in [23, 37]. For the centered functions
Efj(Xij) = 0 for j = 1, 2, · · · , p,
if
∑
j∈Sc
√
Ef2j (Xij) ≤ ξ∗0
∑
j∈S
√
Ef2j (Xij), then c0
∑
j∈S
Ef2j (Xij) ≤ E(
p∑
j=1
fj(Xij))
2. (37)
This implies the theoretical compatibility condition stated as Assumption 5 of [38]. It has
been shown that [19] that the condition (37) will hold for a large class of distributions as
25
long as the underlying correlation structure between {Xij}1≤j≤p is generated by a pairwise
Gaussian. We restate the Corollary 4 in [19] in the following form.
Corollary 4 Suppose (Xi1,Xi2, · · · ,Xip) follows a hidden Gaussian distribution with Xij =
Tj(Qij) for a pairwise Gaussian vector (Qi1, . . . , Qip) with Corr(Qi1, . . . , Qip) = Σ
Q and
some deterministic functions Tj with 0 < Var(Tj(Qij)) < ∞. Then, the condition (37)
holds with κ0 = λmin(Σ
Q).
As implied by the above corollary, a special case is that (Xi1,Xi2, · · · ,Xip) follows a joint
Gaussian distribution, then any transformed variables (Zi1, Zi2, · · · , Zip), including those
in Examples 1 and 2, will satisfy the theoretical restricted eigenvalue condition (37).
5.2 Initial Estimator Construction
Define the empirical L2 norm as ‖gj‖n = { 1n
∑n
j=1 g
2
j (Zij)}
1
2 . The double penalized estima-
tor in [38] is stated as follows,
{ĝj}1≤j≤p = argmin
1
n
n∑
i=1
(yi −
p∑
j=1
gj(Zij))
2 +
p∑
j=1
(ρnj‖gj‖F,j + λnj‖gj‖n) , (38)
where ρnj and λnj are tuning parameters. As shown in [38], with proper chosen tuning
parameters, the above proposed estimator attains the optimal rate of convergence in the
prediction problem. The algorithm (38) is implemented with respect to the transformed
variables {Zij}1≤j≤p and we define the estimators of fj as the composite function f̂j =
ĝj ◦ Gj . Additionally, we implement scaled Lasso estimator [36] to decouple the relation
between Xi1 and Xi,−1,
(γ̂, σ̂2) = arg min
γ∈Rp−1,σ2∈R+
1
2nσ2
n∑
i=1
(
Xi,1 −X⊺i,−1γ
)2
+
σ2
2
+
√
2A log p
n
‖γ‖1,
for some pre-specified constant A > 1. We then construct the final estimator f̂ ′1(x0) as in
(14) with the initial estimator
∑p
j=2 ĝj ◦Gj(Xij) for the nuisance function and the estimator
of the regression vector γ̂. The following two lemmas characterize the accuracy of the initial
estimators, γ̂ and {ĝj}1≤j≤p.
Lemma 3 Suppose that Condition (A3) holds and Xi· ∈ Rp is a sub-gaussian random
vector with covariance matrix Σ satisfying c0 ≤ λmin(Σ) ≤ λmax(Σ) ≤ C0 for some positive
constants c0, C0 > 0. For the initial estimators γ̂ defined in the data-swapping way as in
(27), then with probability larger than 1−n−c, the initial estimators (γ̂, σ̂2) satisfy (24) and
(20) for h = n−δ0 with 0 < δ0 < 12 .
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The following lemma is established by combining Proposition 4 and Theorem 2 in [38]
and Corollaries 4 and 5 in [19].
Lemma 4 Suppose that Condition (E1) holds for r = 2 and m = min1≤j≤pmj ≥ 1
and Xi· ∈ Rp is a pairwise Gaussian random vector with covariance matrix Σ satisfy-
ing λmin(Σ) ≥ c0 for some positive constants c0 > 0. Then with probability larger than
1− 1p , we have
E(
p∑
j=2
f̂j −
p∑
j=2
fj)
2 .
∑
j∈S
(
n
−
mj
2mj+1 +
√
log p/n
)(
[1 + ‖gj‖F,j]n−
mj
2mj+1 +
√
log p/n
)
(39)
under the condition{
w∗n(0)
− 1
2m γ∗n(0) + w
∗
n(0)
− 1
2m−1
√
log p/n
}
(1 +MF + |S|) = o(1) (40)
where w∗n(0) = max
{
n−
m
2m+1 ,
√
log p/n
}
and γ∗n(0) = min
{
n−
m
2m+1 , n−1/2(log p/n)−1/4m
}
.
Lemma 4 guarantees that, for bounded norm ‖gj‖F,j , the accuracy of estimating f2
satisfies Err(
∑p
j=2 f̂j) .
∑
j∈S(n
− mj
2mj+1 +
√
log p/n)2.
5.3 Inference for f ′(x0) and Uncertainty-Quantification Conditions
Finally, we can combine Lemmas 3 and 4 with Corollary 1 to establish the limiting distri-
bution for f ′1(x0) in the high-dimensional sparse additive model.
Theorem 5 Suppose that conditions (A1)-(A3) hold, h ≍ (nπ(x0))−
1
5 , and π(x0)≫ n− 27 ,
(E1) holds with r = 2 and m ≥ 1, the model complexity condition (40) holds, Xi· ∈ Rp
is a pairwise Gaussian random vector with covariance matrix Σ satisfying c0 ≤ λmin(Σ) ≤
λmax(Σ) ≤ C0 for some positive constants c0, C0 > 0. Then the limiting distribution in (32)
holds under the additional condition√√√√∑
j∈S
(
n
− mj
2mj+1 +
√
log p/n
)2
= o
(√
π(x0)min
{√
1
h3k log p
, 1
})
. (41)
We provide some discussion on the uncertainty-quantification condition (41), which is
the extra condition imposed for establishing the distributional results. The condition (41)
follows from the combination of (33) and (39) and this is the condition to ensure the nuisance
estimator error, due to estimating the high-dimensional nuisance function f2, is negligible,
in comparison to the stochastic error. To highlight interesting observations implied by
condition (41), we focus on one of the most interesting regimes, π(x0) is at constant level,
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h log p = o(1), max1≤j≤p ‖gj‖F,j ≤ C and m1 = 2 and m2 = · · · = mp := m0 and drop all
log terms. Then we simplify (41) as
k · |S| ≪ n
2m0
2m0+1h−3 and max{k, |S| · n
1
2m0+1} ≪ n up to a polynomial order of log p
Here, the second condition is a standard one to guarantee that we have enough data in
comparison to the significant variables. In the case that f1 has a continuous second order
derivative near x0, the optimal rate of choosing the bandwidth is h ≍ n−1/5, then we have
k · |S| ≪ n
2m0
2m0+1
+ 3
5 and max{k, |S| ·n
1
2m0+1} ≪ n up to a polynomial order of log p (42)
For m ≥ 1, the power of n in n
2m0
2m0+1
+ 3
5 is always larger than 1915 > 1.
A few remarks are in order for this sample size condition (42). First, this is only a
sufficient uncertainty-quantification condition that we can conduct adaptive inference and
establish the asymptotic normal limiting distribution. In the high-dimensional sparse linear
regression where all {fj}1≤j≤p are assumed to be linear, a similar form of the uncertainty-
quantification condition for sample size and model complexity can be established as
k · |S| ≪ n/ log p. (43)
Through comparing (43) and (42), we have observed a striking phenomenon that the
uncertainty-quantification condition required for the sparse additive model is weaker than
that for the sparse regression model. The main reason of this phenomenon is due to the
fact that the inflation of nuisance error in the additive models is not as large as that for
the stochastic error, where the stochastic error increases from 1/
√
n to 1/
√
nh3 · π(x0) and
the nuisance error increases from
√
k · |S| log p/n to√
k · |S| log2 p
n
2m0+0.5
2m0+1
√
π(x0)
+
√
k · |S| log 52 p
n
√
π(x0)
+
√
k log2 p
n0.9
√
π(x0)
.
For this nuisance error, the first term would be the dominating term in most settings. We
shall remark that part of this striking relaxation of the uncertainty-quantification condition
for sample size and model complexity is due to condition (A3), the parametric model
relationship between the variable of interest and the nuisance variables. In contrast, for
the high-dimensional sparse linear regression, even though the parametric model condition
(A3) is imposed, there is not such a phenomenon of significantly relaxing the corresponding
uncertainty-quantification condition in (43).
Second, we consider two special cases and highlight some interesting conclusions ob-
tained by applying (41). If the Sobolev smoothness level is m0 = 2, we can apply (41) and
obtain the uncertainty-quantification condition as
k · |S| ≪ n7/5 and max{k, |S| · n
1
2m0+1} ≪ n up to a polynomial order of log p (44)
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which is much weaker than the sufficient uncertainty-quantification condition used for linear
model in (43). Another interesting case is to consider the semi-parametric outcome model
with assuming f2 to be of additional linear structure, that is,
yi = f1(Xi1) +X
⊺
i2η + ǫi, for 1 ≤ i ≤ n.
The linear components can be viewed as belonging to the Sobolev space with m0 =∞ and
hence the uncertainty-quantification (41) for sample size is reduced to be
k · |S| ≪ n 85 and max{k, |S| · n
1
2m0+1} ≪ n up to a polynomial order of log p
Third, we shall compare the obtained results for high-dimensional sparse additive model
with those obtained in [18]. The most significant difference is that [18] considers the rela-
tion between the variable of interest and all other nuisance variables from nonparametric
perspectives by imposing the assumption that any basis function of variable of interest can
be well approximated by the basis functions defined on a sparse set of k nuisance variables.
However, the current paper is considering a completely different parametric assumption
between the variable of interest and nuisance variables. After carefully developing the
decorrelated linear estimator, we establish a much weaker uncertainty-quantification con-
dition. If we set m = 2 and h ≍ n− 15 and use the current paper notation, then the sample
size condition obtained in [18] is reduced to
|S| ≪ n 310 and k ≪ n 415 up to a polynomial order of log p. (45)
To compare the condition (45) with (44), we take |S| = 1lognn
3
10 in both conditions (44)
and (45) and then (44) is further simplified as k ≪ n, which is significantly weaker than
the requirement for (45). This is to say, if we utilize the parametric assumption between
Xi1 and Xi2, then the method allows for a much larger number of nuisance variables to be
associated with the variable of interest.
6 Conclusion and Discussion
In conclusion, we study the local inference problem in the general additive model, including
both confidence interval construction for f ′1(x0) and hypothesis testing related to f
′
1(x0).
We have developed general method and theory and demonstrate it in the high-dimensional
sparse additive model. The key challenge posed by the inference problem is the uncertainty
of estimating the nuisance function. To address this challenge, we develop a novel decorre-
lated local linear estimator to conduct statistical inference for f ′1(x0) in presence of other
unknown nuisance functions. Such a decorrelation step is particularly useful in diminishing
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the effect of estimating the nuisance function and can be of independent interest in solving
other inference problems in additive models.
An important perspective of the current paper is to impose a parametric modeling as-
sumption between the variable of interest and the nuisance variables. This is definitely facil-
itating the statistical inference result by avoiding studying the conditional density between
the variable of interest and all other nuisance variables through additional nonparametric
techniques. Interestingly, a careful ultilization of this parametric modeling assumption sig-
nificantly reduces the uncertainty-quantification condition for sample size and model com-
plexity, which is even weaker than the corresponding assumption for the high-dimensional
linear model. To the most extreme case where the distribution Xi1 | Xi2 is known a priori,
we can achieve the statistical inference accuracy as if we know the nuisance function f2.
It would be interesting to relax this parametric modeling assumption and work out the
corresponding uncertainty-quantification condition for more general relationship between
Xi1 and Xi2. It is conjectured that such a weak uncertainty-quantification as in (42) would
not generally hold without the parametric modeling condition (A3). This is left for future
research.
The local inference problem for f ′1(x0) considered in this paper is motivated from study-
ing the treatment effect using the general additive modeling. There are many other inter-
esting related inference problems, including inference for f1(x0) and also the significance
test H0 : f1 = 0, which are left for future research.
7 Analysis of Nuisance Error: Proof of Theorem 1
The proof is divided into two parts, proof of (29) by applying the decorrelation property
of the constructed weights Di1 and proof of (30) by approximating Di1 by D̂i1.
Proof of (29) The following technical proof relies on independence created by data swap-
ping. Recall Ia and Ib are two disjoint subset with approximately equal sample size,
with Ia ∩ Ib empty and Ia ∪ Ib = {1, 2, · · · , n}; f̂a2 and f̂ b2 denote the initial estimator
f̂2 based on the data (Xi·, yi)i∈Ia and (Xi·, yi)i∈Ib , respectively. We define ∆
a(Xi2) =
f̂a2 (Xi2) − f2(Xi2) and ∆b(Xi2) = f̂ b2(Xi2) − f2(Xi2). We write EIa,VarIa and PIa as the
expectation, variance and probability taken with respect to the sample (Xi·, yi)i∈Ia , respec-
tively. Similarly, we can define EIb ,VarIb and PIb with respect to (Xi·, yi)i∈Ib . We define
A3,i =
{‖X⊺i2γ‖2 . ‖γ‖2√log n} for 1 ≤ i ≤ n and have the following decomposition
1
n
n∑
i=1
Di1∆(Xi2)Kh(Xi1)·1A3,i =
1
n
∑
i∈Ia
Di1∆
b(Xi2)Kh(Xi1)·1A3,i+
1
n
∑
i∈Ib
Di1∆
a(Xi2)Kh(Xi1)·1A3,i .
(46)
In the following, we control the first term 1n
∑
i∈Ia Di1∆
b(Xi2)Kh(Xi1)·1A3,i and the second
term can be controlled by symmetry. Note that there are two sources of randomness in
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1
n
∑
i∈Ia Di1∆
b(Xi2)Kh(Xi1) · 1A3,i , one from the initial estimator ∆b and the other from
the data {Xi·}i∈Ia . Since the randomness of ∆b is induced from the data (Xi·, yi)i∈Ib , the
independence between ∆b and {Xi·}i∈Ia can be used here.
SinceDi1 is constructed such that (6) holds, the summation
1
n
∑
i∈Ia Di1∆
b(Xi2)Kh(Xi1)·
1A3,i satisfies EIa
(
1
n
∑
i∈Ia Di1∆
b(Xi2)Kh(Xi1) · 1A3,i
)
= 0. We control the variance as
VarIa
(
1
n
∑
i∈Ia
Di1∆
b(Xi2)Kh(Xi1) · 1A3,i
)
= |Ia|
n2
EIa
(
D2i1(∆
b(Xi2))
2K2h(Xi1) · 1A3,i
)
. By (115)
in the supplement, we have
∣∣∣∣ (∆b(Xi2))2E(D2i1K2h(Xi1)|Xi2)·1A3,i(∆b(Xi2))2 23hq(x0|Xi2)1A3,i − 1
∣∣∣∣ p→ 0 and hence
EIa
[
(∆b(Xi2))
2D2i1K
2
h(Xi1) · 1A3,i
]
. hEIa
(
f̂ b2(Xi2)− f2(Xi2)
)2
.
Since PIa
(∣∣ 1
n
∑n
i=1Di1∆
b(Xi2)Kh(Xi1)
∣∣ 6= ∣∣ 1n∑ni=1Di1∆b(Xi2)Kh(Xi1) · 1A3,i ∣∣) ≤ n−c,
PIa
(∣∣∣∣∣ 1n ∑
i∈Ia
Di1∆
b(Xi2)Kh(Xi1) · 1A3,i
∣∣∣∣∣ ≤ t√h/n · Err(f̂2)
)
≥ 1− 1
t
− 1
nc
,
where Err(f̂2) is defined in (28), By symmetry and (46), we establish (29).
Proof of (30) We decompose the expression 1n
∑n
i=1 D̂i1∆(Xi2)Kh(Xi1) as
1
n
n∑
i=1
(
D̂i1 − (Di1 − µ¯D)
)
∆(Xi2)Kh(Xi1) +
1
n
n∑
i=1
Di1∆(Xi2)Kh(Xi1)− µ¯D · 1
n
n∑
i=1
∆(Xi2)Kh(Xi1)
(47)
By Cauchy-Schwarz inequality, we have∣∣∣∣∣ 1n
n∑
i=1
(
D̂i1 − (Di1 − µ¯D)
)
∆(Xi2)Kh(Xi1)
∣∣∣∣∣ ≤ Err(D̂) ·
√√√√ 1
n
n∑
i=1
∆(Xi2)2Kh(Xi1) (48)
and
1
n
n∑
i=1
|∆(Xi2)|Kh(Xi1) ≤
√√√√ 1
n
n∑
i=1
Kh(Xi1) ·
√√√√ 1
n
n∑
i=1
∆(Xi2)2Kh(Xi1) (49)
Hence, it is sufficient to control
√
1
n
∑n
i=1∆(Xi2)
2Kh(Xi1). Similar to (46), we have
1
n
n∑
i=1
∆(Xi2)
2Kh(Xi1) =
1
n
∑
i∈Ia
∣∣∣∆b(Xi2)∣∣∣2Kh(Xi1) + 1
n
∑
i∈Ib
|∆a(Xi2)|2Kh(Xi1)
and it is sufficient to control 1n
∑
i∈Ia
∣∣∆b(Xi2)∣∣2Kh(Xi1) · 1A3,i . Note that
EIa
(
1
n
∑
i∈Ia
∣∣∆b(Xi2)∣∣2K2h(Xi1) · 1A3,i
)
≤EIa
[∣∣∆b(Xi2)∣∣2 ·E [Kh(Xi1) | Xi2] · 1A3,i]
By (57) in the supplement, we have E [Kh(Xi1) | Xi2] · 1A3,i . q(x0 | Xi2). Since q(x0 |
Xi2) is upper bounded by a constant, we have EIa
(
1
n
∑
i∈Ia
∣∣∆b(Xi2)∣∣2K2h(Xi1) · 1A3,i) .
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Err2(f̂ b2) and hence P
(∣∣ 1
n
∑n
i=1∆(Xi2)
2Kh(Xi1)
∣∣ ≤ t2Err2(f̂2)) ≥ 1− 1t2 − 1nc −γ(n). Com-
bined with (48), we showP
(∣∣∣ 1n∑ni=1 (D̂i1 − (Di1 − µ¯D))∆(Xi2)Kh(Xi1)∣∣∣ . tErr(D̂) · Err(f̂2)) ≥
1 − 1
t2
− 1nc − γ(n). By combining (58) and (63) in the supplement with (49), we establish
P
(∣∣µ¯D · 1n∑ni=1∆(Xi2)Kh(Xi1)∣∣ . tErr(f̂2)√h/n) ≥ 1 − 1t2 − 1nc − γ(n). By the decom-
position (47), we have P
(∣∣∣ 1n∑ni=1 D̂i1∆(Xi2)Kh(Xi1)∣∣∣ . t(√h/n + Err(D̂))Err(f̂2)) ≥
1 − 1t2 − 1nc − γ(n). Together with Lemma 8 (specifically, (67)) in the supplement, we
establish (30).
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A Proof
In this section, we provide all remaining proofs. We recall notations and introduce several
useful lemmas in Section A.1; we present the proof of Lemma 1 in Section A.2; we present
the proof of Lemma 2 in Section A.3; we present the proofs of Theorems 2, 3 and 4 in
Section A.4; we present the proof of Lemma 3 in Section A.5.
A.1 Preliminary Analysis
We introduce the notation of conditional distribution of Xi1 given Xi2 as q(Xi1 | Xi2).
Then the marginal density of Xi1 is expressed as
π(x0) = Eq(Xi1 = x0 | Xi2) = Eφ
(
x0 −X⊺i2γ
σ2
)
, (50)
where the last equality follows from the assumption that Xi1 − X⊺i2γ follows a Gaussian
distribution. We define the following event,
A1 =
{
‖γ̂ − γ2‖ .
√
k log p
n
}
A2 =
{∣∣σ̂22 − σ22∣∣ . 1√n + k log pn
}
A3,i =
{
‖X⊺i2γ‖2 . ‖γ‖2
√
log n
}
(51)
and A3 = ∩ni=1A3,i. Define A = ∩3i=1Ai and under the conditions (A1) and (A3), we can
apply the maximal inequality and establish the following high probability result,
P (A) ≥ 1− nc for some constant c > 1. (52)
We introduce the following lemmas to facilitate the proof.
Lemma 5 If 0 ≤ b− a ≤ 1, then
1
b− a
∫ b
a
φ(z)dz ≥ e− 32 min
{
1,
1
(b− a) ·min{|a|, |b|}
}
φ(min{|a|, |b|})
≥ e−2min
{
1,
1
(b− a) ·min{|a|, |b|}
}
max
z∈[a,b]
φ(z)
(53)
Lemma 6 Suppose that the bandwidth h satisfies hCu ≤ 1 with Cu defined in (17), then
EKh(Xi1)
2π(x0)
→ 1. (54)
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2
h(Xi1)
2
3hπ(x0)
→ 1 (55)
EDi1(Xi1 − x0)Kh(Xi1)
2
3h
2π(x0)
→ 1 (56)
In particular, we have∣∣∣∣E [Kh(Xi1) | Xi2]2q(x0 | Xi2) − 1
∣∣∣∣ · 1A3,i . h2 (1 + C2u) exp(Cu · hσ2
)
(57)
Lemma 7 Suppose that the bandwidth h satisfies hCu ≤ 1 with Cu defined in (17). For a
sufficiently large n, with probability 1− 1t ,
cπ(x0)
[
1− t√
nhπ(x0)
]
≤
∣∣∣∣∣ 1n
n∑
i=1
Kh(Xi1)
∣∣∣∣∣ . Cπ(x0)
[
1 +
t√
nhπ(x0)
]
. (58)
∣∣∣∣∣ 1n
n∑
i=1
Di1Kh(Xi1)
∣∣∣∣∣ . Ct
√
h
n
π(x0) (59)∣∣∣∣∣ 1n
n∑
i=1
(Xi1 − x0)Kh(Xi1)
∣∣∣∣∣ . Cuh2π(x0) + t
√
h
n
π(x0) (60)
h2π(x0)
(
1− t
√
1
4nhπ(x0)
)
.
1
n
n∑
i=1
Di1(Xi1 − x0)Kh(Xi1) . h2π(x0)
(
1 + t
√
1
4nhπ(x0)
)
(61)∣∣∣∣∣ 1n
n∑
i=1
Di1
(Xi1 − x0)2
2
Kh(Xi1)
∣∣∣∣∣ . Cuh4π(x0) + t
√
h5
4n
π(x0) (62)
Combining (58) and (59), we have
|µ¯D| ≤ t
√
2h
3nπ(x0)
(63)
In addition, if Xi,−1 is Sub-gaussian random vector, then with probability larger than 1− 1t ,
1
n
n∑
i=1
[X⊺i,−1γ]
2Kh(Xi1) .
(
1 +
t√
nh
)
‖γ‖22 (64)
37
A.2 Proof of Lemma 1
We start with deriving the explicit formula forE ([Xi1 − x0]Kh(Xi1)|Xi2) andE (Kh(Xi1)|Xi2) ,
E ([Xi1 − x0]Kh(Xi1)|Xi2) =
∫
∣∣∣Xi1−x0
h
∣∣∣≤1
[
Xi1 − x0
h
· q(Xi1 | Xi2)
]
dXi1.
We transform the variable Xi1 to the standardized variable t =
Xi1−X⊺i2γ
σ2
, then we have∫
∣∣∣Xi1−x0
h
∣∣∣≤1
[
Xi1 − x0
h
· q(Xi1 | Xi2)
]
dXi1 =
σ22
h
∫ µi+Li
µi−Li
(t− µi)φ(t)dt,
where
µi =
x0 −X⊺i2γ
σ2
and Li =
h
σ2
.
Similarly, we have
E (Kh(Xi1)|Xi2) =
∫
∣∣∣Xi1−x0h
∣∣∣≤1
[
1
h
· q(Xi1 | Xi2)
]
dXi1 =
σ2
h
∫ µi+Li
µi−Li
φ(t)dt.
Hence, we establish (10). In the following, we shall approximate
∫ µi+Li
µi−Li (t− µi)φ(t)dt and∫ µi+Li
µi−Li φ(t)dt. By change of variable to s = t− µi, then we have∫ µi+Li
µi−Li
(t− µi)φ(t)dt =
∫ Li
−Li
sφ(µi + s)ds = φ(µi)
∫ Li
−Li
s exp(−µis− s
2
2
)ds
where the last equality follows from the fact that φ is Gaussian. We apply a Taylor expan-
sion and establish∫ Li
−Li
s exp(−µis− s
2
2
)ds =
∫ Li
−Li
s
(
1− µis− s
2
2
+
1
2
(
µis+
s2
2
)2
+ C
(
µis+
s2
2
)3)
ds
for some positive constant C > 0. Since
∫ Li
−Li s
q = 0 for an odd q and |µi| . ‖γ‖2
√
log n on
the event A3,i, we have∫ Li
−Li
s exp(−µis− s
2
2
)ds = −2
3
µiL
3
i +Op
(
h5
(√
log n
)3)
Similarly, for
∫ µi+Li
µi−Li φ(t)dt, we have∫ µi+Li
µi−Li
φ(t)dt =
∫ Li
−Li
φ(µi + s)ds = φ(µi)
∫ Li
−Li
exp(−µis− s
2
2
)ds
Note that∫ Li
−Li
exp(−µis− s
2
2
)ds =
∫ Li
−Li
(
1− µis− s
2
2
+ C
(
µis+
s2
2
)2)
ds = 2Li +Op(h
3 log n)
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σ2
∫ µi+Li
µi−Li (t− µi)φ(t)dt∫ µi+Li
µi−Li φ(t)dt
= σ2
−23µiL3i +Op
(
h5
(√
log n
)3)
2Li +Op(h3 log n)
= −σ2
3
µiL
2
i +Op(h
4(
√
log n)3)
Then we have∣∣∣∣l(Xi2, γ̂, σ̂2)− h23σ̂2
2
(X⊺i2γ̂ − x0)
∣∣∣∣ . h2σ4
2
[(
1 +
∣∣∣∣σ22σ̂2
2
− 1
∣∣∣∣) |X⊺i·(γ̂ − γ)|+ ∣∣∣∣σ22σ̂2
2
− 1
∣∣∣∣ |X⊺i·γ|]+Op(h4(√logn)3)
Under the assumption (A4), we have√√√√ 1
n
n∑
i=1
(
D˜i1 −Di1
)2
Kh(Xi1) .
h2
σ42
√√√√ 1
n
n∑
i=1
(X⊺i·(γ̂ − γ))2Kh(Xi1)
+
h2
σ42
(
1√
n
+
k log p
n
)√√√√ 1
n
n∑
i=1
(X⊺i·γ)
2
Kh(Xi1) +Op(h
4(
√
log n)3)
(65)
Note that(
D̂i1 − (Di1 − µ¯D)
)2
.
(
D˜i1 −Di1
)2
+
(
1
n
∑n
i=1(D˜i1 −Di1)Kh(Xi1)
1
n
∑n
i=1Kh(Xi1)
)2
By Cauchy-Schwarz inequality(
1
n
n∑
i=1
(D˜i1 −Di1)Kh(Xi1)
)2
≤
(
1
n
n∑
i=1
(D˜i1 −Di1)2Kh(Xi1)
)
·
(
1
n
n∑
i=1
Kh(Xi1)
)
,
we have
1
n
n∑
i=1
(
1
n
∑n
i=1(D˜i1 −Di1)Kh(Xi1)
1
n
∑n
i=1Kh(Xi1)
)2
Kh(Xi1) ≤ 1
n
n∑
i=1
(D˜i1 −Di1)2Kh(Xi1)
and hence√√√√ 1
n
n∑
i=1
(
D̂i1 − (Di1 − µ¯D)
)2
Kh(Xi1) .
√√√√ 1
n
n∑
i=1
(
D˜i1 −Di1
)2
Kh(Xi1)
+
√√√√ 1
n
n∑
i=1
(
1
n
∑n
i=1(D˜i1 −Di1)Kh(Xi1)
1
n
∑n
i=1Kh(Xi1)
)2
Kh(Xi1) .
√√√√ 1
n
n∑
i=1
(
D˜i1 −Di1
)2
Kh(Xi1)
Combined with (64) and (65), we establish the rate of convergence for Err(D̂).
A.3 Proof of Lemma 2
We will separate the proof of Lemma 2 into two parts, analysis of stochastic error in Section
A.3.1 and analysis of approximation error in Section A.3.2.
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A.3.1 Analysis of stochastic error
We introduce the following lemma to facilitate the proof and present the corresponding
proof in Section A.3.3.
Lemma 8 Under the condition that Err(D̂) ≪ h
√
π(x0), hCu ≤ 1 and nhπ(x0) → ∞
where Cu is defined in (17), then
1
n
∑n
i=1 D̂
2
i1K
2
h(Xi1)
2
3hπ(x0)
p→ 1 (66)
Ŝn
2
3h
2π(x0)
p→ 1 (67)
In addition, with probability larger than 1− (nhπ(x0))− 14 ,∣∣∣∣∣ Ŝn2
3h
2π(x0)
− 1
∣∣∣∣∣ . Err(D̂)hπ(x0) + (nhπ(x0))− 14 + (nhπ(x0))
1
4
n
(68)
In the following, we establish the asymptotic limiting distribution by first conditioning on
X. Set
Wi =
1√
V
D̂i1ǫiKh(Xi1)
nŜn
and then we have Eǫ|X
∑n
i=1W
2
i = 1. It is sufficient to check the Lindeberg’s condition
n∑
i=1
Eǫ|X
[
W 2i · 1 {|Wi| > δ0}
] ≤ n∑
i=1
D̂2i1K
2
h(Xi1)
n2Ŝ2nV
Eǫ|Xǫ2i1
{
max
1≤i≤n
∣∣∣∣∣ 1√V D̂i1ǫiKh(Xi1)nŜn
∣∣∣∣∣ > δ0
}
= Eǫ|X
ǫ2i
σ21
1
{
max
1≤i≤n
∣∣∣∣∣ 1√V D̂i1ǫiKh(Xi1)nŜn
∣∣∣∣∣ > δ0
}
.
(
P
{
max
1≤i≤n
∣∣∣∣∣ 1√V D̂i1ǫiKh(Xi1)nŜn
∣∣∣∣∣ > δ0
}) τ
2+τ
where the last inequality follows from the bounded 2+ τ moments for ǫi. To bound the last
term in the above inequality, we use the bounded 2 + τ moments for ǫi,
P
{
max
1≤i≤n
∣∣∣∣∣ 1√V D̂i1ǫiKh(Xi1)nŜn
∣∣∣∣∣ > δ0
}
.
( √
VnŜn
h+max1≤i≤n |D̂i1 −Di1|
)−(2+τ)
.

√∑n
i=1 D̂
2
i1K
2
h(Xi1)
h+max1≤i≤n |D̂i1 −Di1|
−(2+τ)
Note that max1≤i≤n
∣∣∣D̂i1 −Di1∣∣∣ ≤ |µ¯D|+max1≤i≤n ∣∣∣D˜i1 −Di1∣∣∣ and
max
1≤i≤n
∣∣∣D˜i1 −Di1∣∣∣ . h2 max
1≤i≤n
|X⊺i2(γ̂ − γ)|+ h4(
√
log n)3 . h2
√
k log p log n
n
+ h4(
√
log n)3.
40
Then we have max1≤i≤n |D̂i1 −Di1| ≤ h. Define
Ωη0 =
{∣∣∣∣∣ 1n
∑n
i=1 D̂
2
i1K
2
h(Xi1)
2
3hπ(x0)
− 1
∣∣∣∣∣ ≤ η0 and max1≤i≤n |D̂i1 −Di1| ≤ h
}
with 0 < η0 < 1/10. By (66) and Lemma 1, then we have
P (Ωη0)→ 1. (69)
On the event Ωη0 , we can check that Lindeberg’s condition is satisfied and hence we have
n∑
i=1
1√
V
D̂i1ǫiKh(Xi1)
nŜn
| X d→ N(0, 1).
For any bound function b, then we have
E
[
b
(
n∑
i=1
Wi
)]
= EXE
[
b
(
n∑
i=1
Wi
)
| X
]
· 1Ωη0 + ‖b‖∞P
(
Ωcη0
)
.
Note that
EXE
[
b
(
n∑
i=1
Wi
)
| X
]
· 1Ωη0 → E [b (Z)]P (Ωη0) ,
where Z follows standard normal distribution. By (69), we establish (25). Combining (66)
and (67), we establish the asymptotic limit of V.
A.3.2 Analysis of approximation error
The control of the approximation error in (22) follows from a combination of (67) in Lemma
8 and the control of 1n
∑n
i=1 D̂i1r(Xi1)Kh(Xi1). Note that
r(Xi1) = f1(Xi1)− f(x0)− (Xi1 − x0)f ′(x0)
=
(Xi1 − x0)2
2
f ′′(x0) +
(Xi1 − x0)2
2
[
f ′′(x0 + c(Xi1 − x0))− f ′′(x0)
] (70)
for some c ∈ (0, 1). Hence, we have
2
h2
∣∣∣∣r(Xi1)1(∣∣∣∣Xi1 − x0h
∣∣∣∣ ≤ 1)− (Xi1 − x0)22 f ′′(x0)1
(∣∣∣∣Xi1 − x0h
∣∣∣∣ ≤ 1)∣∣∣∣ ≤ ∣∣f ′′(x1)− f ′′(x0)∣∣ ,
(71)
for some x1 satisfying x0 − h ≤ x1 ≤ x0 + h. Since h = h(n) → 0 and f ′′(x) is continuous
at x0, then we have
2
h2
∣∣∣∣r(Xi1)1(∣∣∣∣Xi1 − x0h
∣∣∣∣ ≤ 1)− (Xi1 − x0)22 f ′′(x0)1
(∣∣∣∣Xi1 − x0h
∣∣∣∣ ≤ 1)∣∣∣∣→ 0. (72)
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Hence we have
2
h2
∣∣∣∣∣ 1n
n∑
i=1
D̂i1r(Xi1)Kh(Xi1)− 1
n
n∑
i=1
D̂i1
(Xi1 − x0)2
2
f ′′(x0)Kh(Xi1)
∣∣∣∣∣ = o
(
1
n
n∑
i=1
∣∣∣D̂i1∣∣∣Kh(Xi1)
)
.
(73)
With the above calculation, the problem of controlling the approximation error is reduced to
the control of the two terms 1n
∑n
i=1 D̂i1
(Xi1−x0)2
2 f
′′(x0)Kh(Xi1) and 1n
∑n
i=1
∣∣∣D̂i1∣∣∣Kh(Xi1),
which are established in the following lemma. The proof of the following lemma is present
in Section A.3.4.
Lemma 9 Suppose that hCu → 0 and nhπ(x0) → ∞, then with probability larger than
1− (nhπ(x0))− 14 ,∣∣∣∣∣ 1nh2π(x0)
n∑
i=1
D̂i1
(Xi1 − x0)2
2
f ′′(x0)Kh(Xi1)
∣∣∣∣∣ . Err(D̂)√π(x0) + h
(
hCu +
1
(nhπ(x0))
1
4
)
(74)
1
nπ(x0)
n∑
i=1
∣∣∣D̂i1∣∣∣Kh(Xi1) . Err(D̂)√
π(x0)
+ h (75)
Combination of (67) and (74) leads to (23). Combining (67), (73) and (75), we establish
(22).
A.3.3 Proof of Lemma 8
To establish (66), we decompose the error between 1n
∑n
i=1 D̂
2
i1K
2
h(Xi1) and its correspond-
ing estimand,∣∣∣∣∣ 1n
n∑
i=1
D̂2i1K
2
h(Xi1)−
1
n
n∑
i=1
(Di1 − µ¯D)2K2h(Xi1)
∣∣∣∣∣
=
∣∣∣∣∣ 1n
n∑
i=1
[
2 (Di1 − µ¯D) ·
(
D̂i1 − (Di1 − µ¯D)
)
+
(
D̂i1 − (Di1 − µ¯D)
)2]
K2h(Xi1)
∣∣∣∣∣
≤ 1
h
Err2(D̂) + Err(D̂) ·
√√√√ 1
n
n∑
i=1
(Di1 − µ¯D)2K2h(Xi1)

(76)
where the inequality follows from triangle inequality and Cauchy-Schwarz inequality. To
establish (67), we approximate Ŝn by its corresponding estimand,∣∣∣∣∣Ŝn − 1n
n∑
i=1
(Di1 − µ¯D) (Xi1 − x0)Kh(Xi1)
∣∣∣∣∣
≤ Err(D̂) ·
√√√√ 1
n
n∑
i=1
(Xi1 − x0)2Kh(Xi1) ≤ h · Err(D̂) ·
√√√√ 1
n
n∑
i=1
Kh(Xi1).
(77)
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We apply Law of Large Numbers and Lemma 6,
1
n
∑n
i=1D
2
i1K
2
h(Xi1)
2
3hπ(x0)
p→ 1 and
1
n
∑n
i=1Di1(Xi1 − x0)Kh(Xi1)
2
3h
2π(x0)
p→ 1. (78)
We bound the difference between the sum of centered variables and that of uncentered
variables,∣∣∣∣∣ 1n
n∑
i=1
(Di1 − µ¯D)2K2h(Xi1)−
1
n
n∑
i=1
D2i1K
2
h(Xi1)
∣∣∣∣∣ ≤ 2 |µ¯D|·
∣∣∣∣∣ 1n
n∑
i=1
Di1K
2
h(Xi1)
∣∣∣∣∣+2µ¯2D
∣∣∣∣∣ 1n
n∑
i=1
K2h(Xi1)
∣∣∣∣∣
It follows from Lemma 7 that, with probability larger than 1− 1t ,∣∣∣∣∣ 1n
n∑
i=1
(Di1 − µ¯D)2K2h(Xi1)−
1
n
n∑
i=1
D2i1K
2
h(Xi1)
∣∣∣∣∣ . 2t
√
2
3nhπ(x0)
√
h
n
π(x0) +
2
3n
.
t
n
(79)
Similarly, we have∣∣∣∣∣ 1n
n∑
i=1
µ¯D(Xi1 − x0)Kh(Xi1)
∣∣∣∣∣ = |µ¯D| ·
∣∣∣∣∣ 1n
n∑
i=1
(Xi1 − x0)Kh(Xi1)
∣∣∣∣∣
It follows from Lemma 7 that, with probability larger than 1− 1t ,∣∣∣∣∣ 1n
n∑
i=1
µ¯D(Xi1 − x0)Kh(Xi1)
∣∣∣∣∣ . 2
√
2h
3nπ(x0)
·
(
Cuh
2π(x0) + t
√
h
n
π(x0)
)
. Cu ·
√
h5
n
· π(x0)+ th
n
.
(80)
By taking t =
√
nhπ(x0), we combine (79), (80) and (78) and establish
1
n
∑n
i=1 (Di1 − µ¯D)2K2h(Xi1)
2
3hπ(x0)
p→ 1 and
1
n
∑n
i=1 (Di1 − µ¯D) (Xi1 − x0)Kh(Xi1)
2
3h
2π(x0)
p→ 1.
(81)
Also note the following fact∣∣∣∣∣∣∣∣
1
h
(
Err2(D̂) + Err(D̂) ·
√
1
n
∑n
i=1 (Di1 − µ¯D)2K2h(Xi1)
)
2
3hπ(x0)
∣∣∣∣∣∣∣∣ .
Err2(D̂)
h2π(x0)
+
Err(D̂)
h
√
π(x0)
and ∣∣∣∣∣∣
h · Err(D̂) ·
√
1
n
∑n
i=1Kh(Xi1)
2
3h
2π(x0)
∣∣∣∣∣∣ . Err(D̂)h√π(x0) (82)
Combined with (76) and (77), we establish (66) and (67). In addition, together with (80)
and (82), we apply (61) with t = (4nhπ(x0))
1
4 and establish (68).
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A.3.4 Proof of Lemma 9
By the expression D̂i1 = (Di1 − µ¯D) + D̂i1 − (Di1 − µ¯D), we have
1
n
n∑
i=1
D̂i1
(Xi1 − x0)2
2
f ′′(x0)Kh(Xi1) =
1
n
n∑
i=1
[
D̂i1 − (Di1 − µ¯D)
] (Xi1 − x0)2
2
f ′′(x0)Kh(Xi1)
+
1
n
n∑
i=1
Di1
(Xi1 − x0)2
2
f ′′(x0)Kh(Xi1)− µ¯D 1
n
n∑
i=1
(Xi1 − x0)2
2
f ′′(x0)Kh(Xi1)
(83)
By the Cauchy-Schwarz inequality, we have∣∣∣∣∣ 1n
n∑
i=1
[
D̂i1 − (Di1 − µ¯D)
] (Xi1 − x0)2
2
f ′′(x0)Kh(Xi1)
∣∣∣∣∣
.
∣∣f ′′(x0)∣∣Err(D̂) ·
√√√√ 1
n
n∑
i=1
(Xi1 − x0)4
2
Kh(Xi1) ≤
∣∣f ′′(x0)∣∣ h2Err(D̂) ·
√√√√ 1
n
n∑
i=1
Kh(Xi1)
(84)
where the last inequality follows from the fact that (Xi1−x0)
4
2 Kh(Xi1) ≤ h4Kh(Xi1). In
addition, we have∣∣∣∣∣ 1n
n∑
i=1
Di1
(Xi1 − x0)2
2
f ′′(x0)Kh(Xi1)
∣∣∣∣∣ = ∣∣f ′′(x0)∣∣ ·
∣∣∣∣∣ 1n
n∑
i=1
Di1
(Xi1 − x0)2
2
Kh(Xi1)
∣∣∣∣∣ (85)
and∣∣∣∣∣µ¯D 1n
n∑
i=1
(Xi1 − x0)2
2
f ′′(x0)Kh(Xi1)
∣∣∣∣∣ = |µ¯D| · ∣∣f ′′(x0)∣∣ ·
∣∣∣∣∣ 1n
n∑
i=1
(Xi1 − x0)2
2
Kh(Xi1)
∣∣∣∣∣
≤ h2 |µ¯D| ·
∣∣f ′′(x0)∣∣ · 1
n
n∑
i=1
Kh(Xi1)
(86)
where the last inequality follows from the fact that (Xi1−x0)
2
2 Kh(Xi1) ≤ h2Kh(Xi1). To-
gether with Lemma 7, we have∣∣∣∣∣ 1n
n∑
i=1
D̂i1
(Xi1 − x0)2
2
f ′′(x0)Kh(Xi1)
∣∣∣∣∣ . h2Err(D̂)√π(x0) +Cuh4π(x0)
+ t
√
h5
4n
π(x0) + h
2
√
2h
3nπ(x0)
π(x0) .
[
Err(D̂)√
π(x0)
+ h
(
hCu +
1 + t√
nhπ(x0)
)]
h2π(x0).
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Taking t = (nhπ(x0))
1
4 , then we establish (74). The proof of (75) follows from the following
inequality,
1
n
n∑
i=1
∣∣∣D̂i1∣∣∣Kh(Xi1) ≤ 1
n
n∑
i=1
∣∣∣D̂i1 − (Di1 − µ¯D)∣∣∣Kh(Xi1) + 1
n
n∑
i=1
(|Di1|+ |µ¯D|)Kh(Xi1)
≤ Err(D̂)
√√√√ 1
n
n∑
i=1
Kh(Xi1) +
2
n
n∑
i=1
|Di1|Kh(Xi1)
≤ Err(D̂)
√√√√ 1
n
n∑
i=1
Kh(Xi1) + 2h
(
1
n
n∑
i=1
Kh(Xi1)
)
(87)
where the last inequality follows from the fact that |Di1|Kh(Xi1) ≤ hKh(Xi1). Together
with Lemma 7 with t = (nhπ(x0))
1
4 , we establish (75).
A.4 Proof of Theorems 2, 3 and 4
By(22), (23), (26) and the conditions Err(D̂)≪ √V
√
π(x0) and nh
5π(x0) ≤ c., we have
1√
V
1
nŜn
n∑
i=1
D̂i1r(Xi1)Kh(Xi1) = op (1) (88)
It follows from (30) that
1√
V
1
n
∑n
i=1 D̂i1∆(Xi2)Kh(Xi1)
Ŝn
= Op
√Err2(f̂2)
π(x0)
+
Err(D̂)
h2
Err(f̂2)
π(x0)
·
√
nh3 · π(x0)
 .
(89)
Combining (88) and (89), we establish the limiting distribution (32). The proof of Theorem
3 follows from a combination of Lemma 2 and Theorem 1. Theorem 4 follows from Theorems
2 and 3 by taking Err(D̂) = 0.
A.5 Proof of Lemma 3
By [36], we can show that event A happens with probability larger than 1− n−c for some
positive constant c. Hence, the results |σ̂2 − σ2| . 1√n +
k log p
n in (20) and
P
(
max
1≤i≤n
∣∣∣X⊺i,−1(γ̂ − γ)∣∣∣ .√k log p log n/n)→ 0
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follow from the definition of eventA. In the following, we shall control 1n
∑n
i=1
[
X⊺i,−1(γ̂ − γ)
]2
Kh(Xi1).
By the definition of data-swapping, we have
n∑
i=1
(
X⊺i,−1(γ̂ − γ)
)2
Kh(Xi1) =
∑
i∈Ia
(
X⊺i,−1(γ̂
b − γ)
)2
Kh(Xi1)+
∑
i∈Ib
(
X⊺i,−1(γ̂
a − γ)
)2
Kh(Xi1).
(90)
By symmetry, it is sufficient to control
∑
i∈Ia
(
X⊺i,−1(γ̂
b − γ)
)2
Kh(Xi1)1A2∩A3,i . Note that
EIa
∑
i∈Ia
(
X⊺i,−1(γ̂
b − γ)
)2
Kh(Xi1)1A2∩A3,i ≤ EIa
(
X⊺i,−1(γ̂
b − γ)
)2
Kh(Xi11A2∩A3,i)
= EXi,−1
((
X⊺i,−1(γ̂
b − γ)
)2
E[Kh(Xi1) | Xi,−1]1A2∩A3,i
)
By (57), we have E[Kh(Xi1) | Xi,−1]1A2∩A3,i . q(x0 | Xi,−1) . C, then we further upper
bound the above equation by
EXi,−1
((
X⊺i,−1(γ̂
b − γ)
)2
E[Kh(Xi1) | Xi,−1]1A2∩A3,i
)
.
k log p
n
.
Note that
∑
i∈Ia
(
X⊺i,−1(γ̂
b − γ)
)2
Kh(Xi1)1A2∩A3,i can be viewed as a summation of inde-
pendent sub-exponential random variables with exponential norm 1h
k log p
n . By applying the
Bernstein inequality, we establish that with probability larger than 1− n−1, then∣∣∣∣∣ 1na ∑
i∈Ia
(
X⊺i,−1(γ̂
b − γ))2Kh(Xi1)1A2∩A3,i −EIb ∑
i∈Ia
(
X⊺i,−1(γ̂
b − γ))2Kh(Xi1)1A2∩A3,i
∣∣∣∣∣ .
√
logn
na
1
h
k log p
n
So if h = n−δ0 for 0 < δ0 < 12 , we have
1
na
∑
i∈Ia
(
X⊺i,−1(γ̂
b − γ)
)2
Kh(Xi1)1A2∩A3,i .
k log p
n
and hence we establish that with probability larger than 1− n−c,
1
n
n∑
i=1
(
X⊺i,−1(γ̂ − γ)
)2
Kh(Xi1) .
k log p
n
.
B Additional Theory on Variable Transformation
In the following, we will present a more general proposition of guaranteeing the lower bound
for the marginal density function of the transformed variable, which includes the Example
2 in the main paper as a special case.
Proposition 1 Suppose that F is CDF for the random variable X, C > 0 and 0 < c0 < 1
are some given constants, H(x) is an increasing differentiable function in x with H(−∞) =
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0 and H(∞) = 1 and G0 is an increasing differentiable function with G(−∞) = 0 and
G(∞) = 1 and G′0(x) = 0 for |x| ≥ C. For the transformation G defined as
G(X) = (1− c0) ·G0(x) + c0H(X) ∈ [0, 1], (91)
the marginal density q of the random variable G(X) ∈ [0, 1] satisfying
min
t∈[0,1]
q(t) ≥ min
{
min
|x|≥C
F ′(x)
2c0H ′(x)
, min
|x|≤C
F ′(x)
(1− c0)G′0(x) + c0H ′(x)
}
(92)
The above results reveal that a key factor to determine the lower bound of the marginal
density q defined in (91) is the ratio F
′(x)
2c0H′(x)
for large |x|. Since the minimum value over
the bounded support, min|x|≤C
F ′(x)
(1−c0)G′0(x)+c0H′(x) , is relatively easy to be lower bounded,
the above proposition provides the insight that we need to pay attention to the tail part of
the derivative H ′(x).
Proof of Proposition 1
We first note that G(X) is an increasing and differentiable function. To derive the density
function of the transformed variable G(X), we start with the CDF for G(X).
P (G(X) ≤ t) = F (G−1(t)) (93)
and we take derivative and establish
q(t) =
F ′(G−1(t))
G′(G−1(t))
(94)
For |x| = |G−1(t)| ≥ C, we have
G′(G−1(t)) = c0H ′(G−1(t)). (95)
We establish (92) by combining (94) and (95).
C Proof of Additional Lemmas
We present the proofs of additional lemmas in this section.
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C.1 Proof of Lemma 5
We first assume that |b| ≥ |a| and hence∫ b
a
φ(x)dx ≥ (b− a)φ(max{|a|, |b|}) = (b− a)φ(b).
In addition, we have
φ(b)
φ(a)
= exp
(
−(b− a)
2 + 2a(b− a)
2
)
≥ exp
(
−1
2
− |a(b− a)|
)
. (96)
We will separate the proof into two cases,
(a) We first consider |a(b− a)| ≤ 1, then we have φ(b)φ(a) ≥ e−
3
2 and hence∫ b
a
φ(x)dx ≥ e− 32 (b− a)φ(min{|a|, |b|}). (97)
(b) We then consider |a(b− a)| ≥ 1 and have b ≥ a+ 1|a| . Then we have∫ b
a
φ(x)dx ≥
∫ a+ 1
|a|
a
φ(x)dx ≥ e− 32 1|a|φ(min{|a|, |b|}) (98)
Combining (97) and (98), we establish
1
b− a
∫ b
a
φ(z)dz ≥ e− 32 min
{
1,
1
(b− a)|a|
}
φ(|a|) for |b| ≥ |a|.
Similarly, we establish
1
b− a
∫ b
a
φ(z)dz ≥ e− 32 min
{
1,
1
(b− a)|b|
}
φ(|b|) for |b| ≤ |a|.
Moreover, when ab > 0, we have maxz∈[a,b] φ(z) = φ(min{|a|, |b|}); otherwise, since 0 ≤
a− b ≤ 1, we have maxz∈[a,b] φ(z) ≥ 1√eφ(min{|a|, |b|}). Then we establish the lemma.
C.2 Proof of Lemma 6
C.2.1 Proof of (54) and (57)
We focus on the analysis of E [Kh(Xi1) | Xi2] in the following. We first characterize
E [Kh(Xi1) | Xi2] by its exact expression,
E [Kh(Xi1) | Xi2] =
∫
∣∣∣Xi1−x0
h
∣∣∣≤1
1
h
q(Xi1 | Xi2)dXi1
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By setting z = Xi1−x0h , we can simplify E [Kh(Xi1) | Xi2] as∫
|z|≤1
q(x0+hz | Xi2)dz =
∫
|z|≤1
[
q(x0 | Xi2) + hzq′(x0 | Xi2) + h
2z2
2
q′′(x0 + c(z)hz | Xi2)
]
dz
(99)
for some c(z) ∈ (0, 1). As a remark, we shall use c(z) as a generic function of z throughout
the proof and the specific function c(z) can vary from place to place. Hence, we have
|E [Kh(Xi1) | Xi2]− 2q(x0 | Xi2)| ≤ 2
3
h2max
|c|≤1
q′′(x0 + ch | Xi2) (100)
where
q′′(x | Xi2) =
(
(x−X⊺i2γ)2
σ22
− 1
)
φ
(
x−X⊺i2γ
σ2
)
.
On the event A3,i, we have
max
|c|≤1
∣∣∣∣x0 + ch−X⊺i2γσ2
∣∣∣∣ ≤ Cu, (101)
where Cu is defined in (17). A simple fact to facilitate the proof is
φ(b)
φ(a)
= exp
(
−(b− a)
2 + 2a(b− a)
2
)
≤ exp (|a(b− a)|) . (102)
By applying (102), we have∣∣∣∣max|c|≤1 q′′(x0 + ch | Xi2) · 1A3,iq(x0 | Xi2)
∣∣∣∣ . (1 + C2u) exp(Cu · hσ2
)
(103)
Together with (100), we establish (57). Then we have∣∣∣∣E (Kh(Xi1) | Xi2) 1A3,i2q(x0 | Xi2) − 1
∣∣∣∣ ≤ 1Ac3,i + h2 (1 + C2u) exp(Cu · hσ2
)
.
and hence ∣∣∣∣∣E
(
Kh(Xi1)1A3,i
)
2π(x0)
− 1
∣∣∣∣∣ . 1ncπ(x0) + h2 (1 + C2u) exp
(
Cu · h
σ2
)
. (104)
In addition, we have ∣∣∣∣∣∣
E
(
Kh(Xi1)1Ac
3,i
)
2π(x0)
∣∣∣∣∣∣ ≤ E1A
c
3,i
2hπ(x0)
≤ 1
nchπ(x0)
→ 0
Together with (104), we have (54).
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In addition to the previous analysis, we can also provide the following bound for the
conditional expectation E [Kh(Xi1) | Xi2]1A3,i By Lemma 5, we have
E [Kh(Xi1) | Xi2] 1A3,i =
∫
∣∣∣Xi1−x0
h
∣∣∣≤1
1
h
q(Xi1 | Xi2)dXi11A3,i
≥ Cmin
{
1,
σ2
h ·min {|µi − Li| , |µi + Li|}
}
max
w:|w−µi|≤Li
φ(w) · 1A3,i
≥ Cmin
{
1,
1
hCu
}
max
w:|w−µi|≤Li
φ(w)
= Cmin
{
1,
1
hCu
}
max
|c|≤1
q(x0 + ch | Xi2)
(105)
where µi = (x0 −X⊺i2γ)/σ2, Li = h/σ2 and Cu is defined as (17).
C.2.2 Proof of (55)
We start with the following iterated expectation,
E
(
D2i1K
2
h(Xi1)
)
= EXi2E
(
D2i1K
2
h(Xi1) | Xi2
)
= EXi2
[
E
(
D2i1K
2
h(Xi1) | Xi2
)
1A3,i
]
+EXi2
[
E
(
D2i1K
2
h(Xi1) | Xi2
)
1Ac
3,i
]
We first analyze E
(
D2i1K
2
h(Xi1) | Xi2
)
1A3,i , by noting that
E
(
D2i1K
2
h(Xi1) | Xi2
)
=
1
h
E
(
D2i1Kh(Xi1) | Xi2
)
=
1
h
(
E
[
(Xi1 − x0)2Kh(Xi1) | Xi2
]− E2 [(Xi1 − x0)Kh(Xi1) | Xi2]
E [Kh(Xi1) | Xi2]
)
,
(106)
where the last equality follows from the definition of Di1. In the following, we provide
upper bounds for E [(Xi1 − x0)Kh(Xi1) | Xi2] and E
[
(Xi1 − x0)2Kh(Xi1) | Xi2
]
.
Analysis of E
[
(Xi1 − x0)2Kh(Xi1) | Xi2
]
. Similar to (99), we write down the following ex-
plicit expression,
E
[
(Xi1 − x0)2Kh(Xi1) | Xi2
]
=
∫
∣∣∣Xi1−x0
h
∣∣∣≤1
[Xi1 − x0]2 1
h
q(Xi1 | Xi2)dXi1
By setting z = Xi1−x0h , we further have
E
[
(Xi1 − x0)2Kh(Xi1) | Xi2
]
=
∫
|z|≤1
h2z2q(x0 + hz | Xi2)dz
=
∫
|z|≤1
h2z2
[
q(x0 | Xi2) + hzq′(x0 | Xi2) + h
2z2
2
q′′(x0 + c(z)hz | Xi2)
]
dz
(107)
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Hence, we have where∣∣∣∣E [(Xi1 − x0)2Kh(Xi1) | Xi2]− 23h2q(x0 | Xi2)
∣∣∣∣ ≤ 45h4max|c|≤1 q′′(x0 + ch | Xi2) (108)
Analysis of E [(Xi1 − x0)Kh(Xi1) | Xi2]. Similar to (99), we write down the following ex-
plicit expression,
E [(Xi1 − x0)Kh(Xi1) | Xi2] =
∫
∣∣∣Xi1−x0
h
∣∣∣≤1
[Xi1 − x0] 1
h
q(Xi1 | Xi2)dXi1
Then we have
E [(Xi1 − x0)Kh(Xi1) | Xi2] =
∫
|z|≤1
hzq(x0 + hz | Xi2)dz
=
∫
|z|≤1
hz
[
q(x0 | Xi2) + hzq′(x0 | Xi2) + h
2z2
2
q′′(x0 | Xi2) + h
3z3
6
q′′′(x0 + c(z)hz | Xi2)
]
dz
Hence, we have∣∣∣∣E [(Xi1 − x0)Kh(Xi1) | Xi2]− 23h2q′(x0 | Xi2)
∣∣∣∣ ≤ 115h4max|c|≤1 q′′′(x0 + ch | Xi2) (109)
where
q′(x0 | Xi2) = −x0 −X
⊺
i2γ
σ2
q(x0 | Xi2) (110)
and
q′′′(x | Xi2) = x−X
⊺
i2γ
σ2
(
3− (x−X
⊺
i2γ)
2
σ22
)
φ
(
x−X⊺i2γ
σ2
)
. (111)
With a similar argument as (103), we can establish∣∣∣∣q′(x0 | Xi2) · 1A3,iq(x0 | Xi2)
∣∣∣∣ ≤ Cu.
and ∣∣∣∣max|c|≤1 q′′′(x0 + ch | Xi2) · 1A3,iq(x0 | Xi2)
∣∣∣∣ . Cu (1 + C2u) exp(Cu · hσ2
)
(112)
Hence, we have
E [(Xi1 − x0)Kh(Xi1) | Xi2] · 1A3,i ≤
2
3
h2Cuq(x0 | Xi2)
[
1 + Ch2(1 + C2u) exp
(
Cu · h
σ2
)]
(113)
for some constant C. Then we can further provide upper bounds for the expression in (106),∣∣∣∣E (D2i1Kh(Xi1) | Xi2)1A3,i − 23h2q(x0 | Xi2)1A3,i
∣∣∣∣
≤
∣∣∣∣E [(Xi1 − x0)2Kh(Xi1) | Xi2]− 23h2q(x0 | Xi2)
∣∣∣∣ 1A3,i + E2 [(Xi1 − x0)Kh(Xi1) | Xi2]E [Kh(Xi1) | Xi2] 1A3,i
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By applying (105), (108) and (109), then the previous inequality can be further upper
bounded by
4
5
h4max
|c|≤1
q′′(x0 + ch | Xi2)1A3,i +
(
2
3h
2q′(x0 | Xi2) + 115h4max|c|≤1 q′′′(x0 + ch | Xi2)
)2
min
{
1, 1hCu
}
max|c|≤1 q(x0 + ch | Xi2)
Hence, if 1σ2hCu ≤ 1, then we have∣∣∣∣∣E
(
D2i1Kh(Xi1) | Xi2
)
1A3,i
2
3h
2q(x0 | Xi2)
− 1
∣∣∣∣∣ ≤ 1Ac3,i + [h2 (1 + C2u)+ h6C2u (1 + C4u)] exp
(
Cu · h
σ2
)
.
(114)
and∣∣∣∣∣E
(
D2i1K
2
h(Xi1) | Xi2
)
1A3,i
2
3hq(x0 | Xi2)
− 1
∣∣∣∣∣ ≤ 1Ac3,i + [h2 (1 + C2u)+ h6C2u (1 +C4u)] exp
(
Cu · h
σ2
)
(115)
Hence, we further have∣∣∣∣E (D2i1K2h(Xi1)1A3,i)− 23hπ(x0)
∣∣∣∣ ≤ ∫
∣∣∣∣∣E
(
D2i1K
2
h(Xi1) | Xi2
)
1A3,i
2
3hq(x0 | Xi2)
− 1
∣∣∣∣∣ 23hq(x0 | Xi2)p(Xi2)dXi2
.
∫
1Ac
3,i
2
3
hq(x0 | Xi2)p(Xi2)dXi2 +
[
h2
(
1 + C2u
)
+ h6C2u
(
1 + C4u
)]
exp
(
Cu · h
σ2
)
hπ(x0)
. hP
(Ac3,i)+ [h2 (1 + C2u)+ h6C2u (1 + C4u)] exp(Cu · hσ2
)
hπ(x0)
where the last inequality follows from q(x0 | Xi2) ≤ 1. Hence, together with (52), we
establish∣∣∣∣∣E
(
D2i1K
2
h(Xi1)1A3,i
)
2
3hπ(x0)
− 1
∣∣∣∣∣ . 1ncπ(x0) + [h2 (1 + C2u)+ h6C2u (1 + C4u)] exp
(
Cu · h
σ2
)
(116)
Since |Di1|Kh(Xi1) ≤ 1, we have∣∣∣∣∣∣
E
(
D2i1K
2
h(Xi1)1Ac3,i
)
2
3hπ(x0)
∣∣∣∣∣∣ ≤ E1A
c
3,i
2
3hπ(x0)
≤ 1
nchπ(x0)
→ 0 (117)
Combining (116) and (117), we establish (55).
C.2.3 Proof of (56)
The proof of (56) is similar to that of (55). We first have the following decomposition,
EDi1(Xi1 − x0)Kh(Xi1) = EDi1(Xi1 − x0)Kh(Xi1)1A3,i +EDi1(Xi1 − x0)Kh(Xi1)1Ac3,i .
52
Based on the following relation,
E [Di1(Xi1 − x0)Kh(Xi1) | Xi2] 1A3,i
=
(
E
[
(Xi1 − x0)2Kh(Xi1) | Xi2
]− E2 [(Xi1 − x0)Kh(Xi1) | Xi2]
E [Kh(Xi1) | Xi2]
)
1A3,i = E
(
D2i1Kh(Xi1) | Xi2
)
1A3,i .
By applying (106) and (114), we have
E
[
Di1(Xi1 − x0)Kh(Xi1)1A3,i
]
2
3h
2π(x0)
→ 1 (118)
Since Di1(Xi1 − x0)Kh(Xi1) ≤ h, then∣∣∣∣∣EDi1(Xi1 − x0)Kh(Xi1)1Ac32
3h
2π(x0)
∣∣∣∣∣ ≤ E1Ac3,i2
3hπ(x0)
≤ 1
nchπ(x0)
→ 0,
Together with (118), we establish (56).
C.3 Proof of Lemma 7
Proof of (58)
The term 1n
∑n
i=1Kh(Xi1) satisfies
E
(
1
n
n∑
i=1
Kh(Xi1)
)
= E (Kh(Xi1)) , Var
(
1
n
n∑
i=1
Kh(Xi1)
)
≤ 1
nh
E (Kh(Xi1)) (119)
Together with (54), there exists 0 < c < 1/2 such that
(2− c)π(x0) ≤ E (Kh(Xi1)) ≤ (2 + c)π(x0). (120)
Then we establish (58).
Proof of (59)
The term 1n
∑n
i=1Di1Kh(Xi1) satisfies
E
(
1
n
n∑
i=1
Di1Kh(Xi1)
)
= 0, Var
(
1
n
n∑
i=1
Di1Kh(Xi1)
)
=
1
n
E
(
D2i1K
2
h(Xi1)
)
. (121)
By (55), we establish (59).
Proof of (60)
Note that
E
(
1
n
n∑
i=1
(Xi1 − x0)Kh(Xi1)
)
= E(Xi1 − x0)Kh(Xi1) (122)
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and
Var
(
1
n
n∑
i=1
(Xi1 − x0)Kh(Xi1)
)
≤ 1
nh
E(Xi1 − x0)2Kh(Xi1) (123)
By (109), we have
|E(Xi1 − x0)Kh(Xi1)| ≤ 2
3
h2Eq′(x0 | Xi2)1A3,i +
1
15
h4 ·max
|c|≤1
q′′′(x0 + ch | Xi2)1A3,i +P(Ac3,i)
.
2
3
Cuh
2π(x0) + h
4Cu(1 + C
2
u)π(x0) +
1
nc
. Cuh
2π(x0)
(124)
where the second inequality follows from (110), (111) and (101). By (108), we have
E(Xi1 − x0)2Kh(Xi1) ≤ 2
3
h2Eq(x0 | Xi2)1A3,i +
4
5
h4 ·Emax
|z|≤1
q′′(x0 + chz | Xi2)1A3,i +P(Ac3,i)
≤ 2
3
h2π(x0) + h
4(1 + C2u)π(x0) +
1
nc
. h2π(x0)
(125)
where the second inequality follows from (111) and (101). Hence, we establish (60).
Proof of (61)
The term 1n
∑n
i=1Di1(Xi1 − x0)Kh(Xi1) satisfies
E
(
1
n
n∑
i=1
Di1(Xi1 − x0)Kh(Xi1)
)
= E [Di1(Xi1 − x0)Kh(Xi1)] (126)
and
Var
(
1
n
n∑
i=1
Di1(Xi1 − x0)Kh(Xi1)
)
≤ 1
nh
E
(
D2i1(Xi1 − x0)2Kh(Xi1)
) ≤ h3
4n
E (Kh(Xi1))
(127)
Combined with (56), we establish that (61).
Proof of (62)
The term 1n
∑n
i=1Di1
(Xi1−x0)2
2 Kh(Xi1) satisfies
E
(
1
n
n∑
i=1
Di1
(Xi1 − x0)2
2
Kh(Xi1)
)
= E
[
Di1
(Xi1 − x0)2
2
Kh(Xi1)
]
(128)
and
Var
(
1
n
n∑
i=1
Di1
(Xi1 − x0)2
2
Kh(Xi1)
)
≤ 1
nh
E
(
D2i1
(Xi1 − x0)4
4
Kh(Xi1)
)
≤ h
5
4n
E (Kh(Xi1))
(129)
In the following, we shall prove that∣∣∣∣EDi1 (Xi1 − x0)22 Kh(Xi1)
∣∣∣∣ ≤ CCuh4π(x0) (130)
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Combined with (128), (129) and (120), we establish (62). Now let’s complete the proof of
(130). Note that
EDi1
(Xi1 − x0)2
2
Kh(Xi1) = EDi1
(Xi1 − x0)2
2
Kh(Xi1)·1A3,i+EDi1
(Xi1 − x0)2
2
Kh(Xi1)·1Ac
3,i
(131)
Note that
EDi1
(Xi1 − x0)2
2
Kh(Xi1)1A3,i = EXi2
[
E
(
Di1
(Xi1 − x0)2
2
Kh(Xi1) | Xi2
)
1A3,i
]
and
E
(
Di1
(Xi1 − x0)2
2
Kh(Xi1) | Xi2
)
=E
(
(Xi1 − x0)3
2
Kh(Xi1) | Xi2
)
− l(Xi2)E
(
(Xi1 − x0)2
2
Kh(Xi1) | Xi2
)
=E
(
(Xi1 − x0)3
2
Kh(Xi1) | Xi2
)
−
E ((Xi1 − x0)Kh(Xi1) | Xi2)E
(
(Xi1−x0)2
2 Kh(Xi1) | Xi2
)
E (Kh(Xi1) | Xi2) ,
Then it is sufficient to control the terms E
[
(Xi1 − x0)3Kh(Xi1) | Xi2
]
1A3,i and
E ((Xi1 − x0)Kh(Xi1) | Xi2)E
(
(Xi1−x0)2
2 Kh(Xi1) | Xi2
)
E (Kh(Xi1) | Xi2)
1A3,i .
The second term can be upper bounded by h
2
2 E ((Xi1 − x0)Kh(Xi1) | Xi2) since (Xi1−x0)
2
2 Kh(Xi1) ≤
h2
2 . It follows from (113) and the condition hCu → 0 that
h2
2
E ((Xi1 − x0)Kh(Xi1) | Xi2) 1A3,i .
1
3
h4Cuq(x0 | Xi2).
We control the first term E
[
(Xi1 − x0)3Kh(Xi1) | Xi2
]
in the following.
E
[
(Xi1 − x0)3Kh(Xi1) | Xi2
]
=
∫
|z|≤1
h3z3q(x0 + hz | Xi2)dz
=
∫
|z|≤1
h3z3
[
q(x0 | Xi2) + hzq′(x0 | Xi2) + h
2z2
2
q′′(x0 | Xi2) + h
3z3
6
q′′′(x0 + c(z)hz | Xi2)
]
dz
and then we have∣∣∣∣E [(Xi1 − x0)3Kh(Xi1) | Xi2]− 25h4q′(x0 | Xi2)
∣∣∣∣ ≤ 121h6max|c|≤1 q′′′(x0 + ch | Xi2). (132)
We then have
E
[
(Xi1 − x0)3Kh(Xi1) | Xi2
]
=
2
5
h4q(x0 | Xi2) · −x0 +X
⊺
i2γ
σ2
+O(h6) ·max
|c|≤1
q′′′(x0+ch | Xi2)
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By (111), we have∣∣∣∣E(Di1 (Xi1 − x0)22 Kh(Xi1) | Xi2
)
1A3,i
∣∣∣∣ ≤ (Cu 25h4 +O(h6)Cu (3 + C2u)
)
q(x0 | Xi2)
where Cu is defined in (17). Together with∣∣∣∣EDi1 (Xi1 − x0)22 Kh(Xi1) · 1Ac3,i
∣∣∣∣ ≤ h2P(Ac3,i) = h2 · n−c,
we have (130).
Proof of (64) We control the mean and variance of 1n
∑n
i=1
(
X⊺i,−1γ
)2
Kh(Xi1) as follows,
E
1
n
n∑
i=1
(
X⊺i,−1γ
)2
Kh(Xi1) · 1A3,i = E
(
X⊺i,−1γ
)2
Kh(Xi1) · 1A3,i
= EXi2
(
X⊺i,−1γ
)2
E (Kh(Xi1) | Xi2) · 1A3,i . EXi2
(
X⊺i,−1γ
)2
and
Var
1
n
n∑
i=1
(
X⊺i,−1γ
)2
Kh(Xi1) · 1A3,i ≤
1
nh
E
(
X⊺i,−1γ
)4
Kh(Xi1) · 1A3,i
=
1
nh
EXi2
(
X⊺i,−1γ
)4
E (Kh(Xi1) | Xi2) · 1A3,i .
1
nh
EXi2
(
X⊺i,−1γ
)4
SinceXi,−1 is Sub-gaussian random variable, we have EXi2
(
X⊺i,−1γ
)2
. ‖γ‖22 andEXi2
(
X⊺i,−1γ
)2
.
‖γ‖42. Hence, with probability larger than 1− 1t , we have
1
n
n∑
i=1
(
X⊺i,−1γ
)2
Kh(Xi1) .
(
1 +
t√
nh
)
‖γ‖22.
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